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PREFACE 

I HAVE much pleasure in acceding to the author’s request 
^tftat should say a few words by way of preface to his 
hook, for the main lings on which it is constructed have my 
"ordial assent, and have indeed been followed, more or less, 
in the teaching given in this TJnivorsity for many years 
past. 

The subject falls naturally into two main divisions. The 
first is a mere continuation of the Eimlidean Geometry con- 
tained in Books T.-VJ. of the Elements, and deals with the 
relations of straight lines, pianos, and ^tlio simpler curved 
surfaces. There is no reason why this #;hould not be treated 
as rigorously as the Euclidean plane geometry ; and indeed 
nothing but vagueness wnd confusion couUt' result from any 
attempt to deal with it otherwise. There is, however, 
one serious defect in Euclid’s ^wh exposition of the matter, 
in that various purely descriptive^* theorems relating to 
parallelism of lines and planes are made to depend *on 
metrical properties involving perpend ic/flars^ with which 
•they have no^ natural connection. The .*Tuthor, deviating 
in this respect from the practice of Euclid and of most 
English text-books, has^AaeaVoured to follow the strict 
scientific procedure. At the siime time an attempt has 
bpen made to keep the nuniTior of cardinal propositions 
within moderate limits. As several otherwise excellent 
^continental treatises show, this is not altogether an easy 
matter. ■ , 
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The fiOcon(i rnnin division deals with the Mensuration c/ 
Solids and of Curved Surfaces. Hero, I think, some greater 
latitude, and even laxity, of method ^is permissible. The 
subtleties involved in a rigorous treatment are best reserved 
for a later stnge, when they are dealt with systematically in 
the Integral Calculus. In the case of elementary students, 
all that can fairly be required, and indeed all that is really 
practicable, is that simj^lo “ intuitional ” proofs, or rather 
outlines of proofs, shoijid be given, with an occasional 
warning (for conscience' sake) whenever an essential poivt, 
is (for the present purpose) deliberately assumed without 
full demonstration. 

Sections relating to the theory of Perspective, the theory 
of Symmetrical Figures, Euler’s theorems on Polybedra, and 
so on, have been interpolated. The ideas involved are 
simple, and the results are interesting; the inclusion of 
these topics is, moi‘(?over, amply wai^’anted by precedent. 
In the jircsent ex|)o.sition special attention is directed to 
some points which a:^ie not infrequently overlooked. 

HORACE LAMB. 


Victoria University op Manouesteb, 
Dccetnhtr 190C. 



AUTHOR’S PR.KFACE 

• 

Wffi preskont book is desi^npd for use|in the Higher Forms of 
Sciiools and in University Courses of rntormediate Standard. 
K* oping both these ends in view, the number and range of 
Examples have been lai gcdy inci^a^ed, and some of the more 
difliciilt portions of the book-work have been inserted at the 
ends of the chapters as Supplements. 

The earlier figures are intended to si^gest figures drawn 
on two blackboar<ls pla<?cd at an angle to one anothej*, in the 
hope that it will encourage the construction of actual solid 
figures, and that this will be found to lu^p in bridging the 
gulf between the menkil imago of a solid and its c^vcntional 
representation. 

The Supplement which occurs at Jthe end of the first part 
bf the book, and which deals with Spjierical Geometry, has 
been cast^ in’its present form becjius# of tiie light which ^ifi 
thereby tlirown on the corresponding trealjpient* of Plane 
Geometry, .and bicause (rf its intrinsic interoijt its the Geo- 
mfjtry of figures drawn on the Earth. 

In any work which is the result of a gradual growth any 
acknowledgment of the sources from which help lias been 
derived is necessarily incomplete. In the present case, I 
ow§ much to the Treatise on Geometry by Rouchd and De 
Comberousse, from which book many examples have been 
f/ken ; in Si)lierical Geometry similar hel}) has been gained 
from yie book on Spherical Tiigonometi-y by Tod hunter and 
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Lathem ; aitll for references use has been made of the ShcJl’t 
History of Mathematics, by W. Rousj Ball. 

Much more do I owe to the opportunities of talking things 
over with Professor Lamb (who has^also furnished a number 
of examples) and with my colleagues, Mr. R. F. Gwyther 
and Mr. F. T. Swanwick. 

w. ir. j. 

m 

Victoria University of Manchester, 

January 1907? 


PREFACE TO THE* SECOND EDITION 

# 

The present edition difl'ers from the first in that it contains 
additional matter, consisting of Notas to Teachers (p. xiii), 
giving the reasons ^r most of the differences between this 
book and other b^oks covering the same ground ; References 
to Theorems in Plq^e Geometry (p. 172), added because the 
Euclidean references adopted in the text are no longer so 
well known“a»fc^^^^•merly ; and aw Alternative Treatment of the 
Fundamental Propositions (p. 157), inserted because experi- 
ence has shown that most ^mpils find more difficulty with 
the first chapter thai^with any other. As the natural result 
^f* six years’ use, a number of alterations and cerrections 
have also bgen fhado throughout the text. 

I have agath to thank my forrncr colleague, Mr. F. T. « 
Swanwick, as well as his successor, Mr. H. IT. Hassc^, for th^ir 
help in treking ovoi- the alternative treatment now added and 
in supptying me with corrections for tlie text. 

T shall be grateful for atiy hints which teachers may send 
me as a result of their experience in using this book. 

W. H. J 

Manchester, 1913. 
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NOTES* TO TEAOITEES 

• • 

' ‘ It is tho glory of geometry that from those few principles, fetched from 
without, it is able to produce so many things. ...” 

“Therofdfe geometry is founded in mochaiAal praotioo, and is nothing 
1 'it that part of universal mec}«inics which accurately pri>i)oses and demon- 
.stra'^es of the art of measuring.’* ^ 

—From the Proftice^to Newton’s Prtneipia, 1686. 

The above quotations indicate the two general aims which the 
author hfis in mind : to ])rovide a training in general method rather 
than a knowledge of particular theorems, and, by means of suitable 
e.’camples, to suggest the relation between the exset abstract theory 
and its approximate concrete applications. Iij the first part care 
has been taken to help students to realise that it is no more possible 
for a statement to be proved unless in some form or othec^acitly or 
explicitly, it lias already heeri assumed^ than to cr^te matter from a 
vacuum. Similarly, in tlie second p^rt,^lealiug with mensuration, 
p^oof8 have been cliosen witli the view of forming a basis for the 
integral calculus rather than of avoiding it#\lierever possible. 

The style* of proof has been purposely made rather curt, in tlTe 
hope that the main points yoiild thus therefore staniJ out more 
Clearly, and that tlie elFort necessary to graep successfve steps would 
fashion stouter pcgs%r the memory than are, provided by the really 
deceptive lucidity of some excellent French text-books, for example. 
References to previous propositions are always accompanied Jiy the 
page, in order to encourage frequoiit mferonce to tlie original proof 
and ^ accompanying figure. Rut it must not be suppo’sed that 
this style is to be recommended for u.se by students in examination, 
* where, in the absence of any commonly accepted reference numbers, 
any enunciation that may be used must be clearly indicated in its 
xl 



xii NOTES TO TEAckERS 

entirety. That students are not given any encouragement to re- 
produce lueMuinicaJly the wording oC the text-book iu not, by 'any 
means, necessarily a d li^advantage. In *|he alternative treatment of 
Chapter 1 now given, an attempt is made to take both iioints of 
view into (‘onsi(icratU)n, and the following plan has been adopted. 
Whi'i-ever po.-sible, the enunciation lias lelteis as-igncd to all the 
variables of vihicli it treats, so that it may be used in subsequent 
proofs, word for word, without, any change other than the sub- 
stitution of the .ippionrmte letters for thoije in 'the original 
eniiricialion. 

The omission of pnjhlerns or eoii'^triictioiis is another point that 
ivqiiire.s explanation. lii'jiIaiK! geometry eon'll riiclaoiis have a place 
of their own, because llicy corie.spoiid tvo actual ojieratiuns ])erforrned 
liy the student with ruler and «'‘om]'a''S. In solid geomolry tins is 
no longer the case, ami tljev'arc reduced to their merely logical 
"igmficancc as existence tlieorems. This role may l>e best realised 
by a reference to tlic proofs of Piojiosiiion (u) and (h), p. IDS. 

It i.s alway.s difliciilt to lliid time to leach the student all the 
theorems lie ought to know and at the same time give him practice 
in making .■'iniple /iroofs of Ins own. On this account a nuniher of 
tlieorcin-, too niimeroiis to rank as projiositions and stiiric,iently 
simple to be .set as examples, have been placed in the text ami 
classed afirfclioliums. 
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puiiK aKoMEVnr 

NO N ^r V/V I M 0 A 1’ 11 \ 'A ) I J I : M s 

• 

1. Introductory. 

Tiik, idon of n fiolid body is tlio simj)I»‘.st idea, (‘ornurti'd with 
space' with wliicli our ('X|fei iciico makes us fauiilMr A solid 
body always possesses a, ]>oinida.i‘y m.ii k iii;^M)d:“ tli(Y sji.ico wo 
call inside tlio body fiom ilu' s]taee we; call •)ulside tlie body: 
this boundary is t,enned its surface 

We may tliiuk of tlu' surfUce of a solid .is cmffasl iny of two or 
more portions, which are separated b\ lioundaries called lines. 

' Jjastly, we in.av iliink of lines as cott^istinj^ of portions 
which are ^sop;\ rated by boundaries calhd points. 

Solid (Jeonietry aims at conijiarimr solids*in respect of 
#hape, si/>(>, and fiosition.* 'riu'Se (jiialitii's .u’i» capable of 
being studied ajiait fioin the material boilie.s to which tliey 
originally belong ; heiu;(' soliil geoinetr\ i^ eonei'i-ned solely 
with the position of points, lines, and surfaces, ap;U*t from 
all else. 

N^'turally, in ihe first plai’.o Ueonn'lry di als with the pro- 
perties of the simplest surfaces and lines, (loveiaiing the 
mifbu.’d relations of planes .and strai'dit lines there are many 
laws, all of wliieh are eipaally well based on e\])eiienee. It 
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is the aim pf Deductive Geometry to classify these laws, and, 
further, to select a few, called Postulates, which have the 
widest application, and then to show that all others are 
included in these. 

Our concern is primarily, therefore, not with the truth or 
falsehood of the laws with which we deal, but rather with 
the relation in whi(di they stand to one anotli(‘r ; their truth, 
that is, tlieir applicabiUty to experience, can only bo deter- 
mined by trial. 

It frequently happens that propositions are proved (tha^is, 
their truth is shown to depend on that of the postulates on 
which geometrical theory is based) by a method generally 
known as a Heductio ad Ahmfdum. A more accurate descrip- 
tion of the method is obtained by referring to it as the 
Method of Exhaustion.* It may be stated as follows : — 

If .one of two or more mutually exclusive hypotheses is 
necessarily true, afiy one is proved true when all the rest 
have been prove^ not true. 

For example, leit. a, b denote those sides of a triangle ABC 
opposite to the angles at A, B respectively. 

Euc. i'^'*i8 states that — 

1 ' 

“ When a > b, A > B,” and “ When a < b, A < B.’^ 

Taking this for gf^anted, we can now see that Euc. i. 6, 

• which states that — ' ^ 

\ ’ “When A=B, a = b,"^ 

is inevitably included. 

For if a were greater or less than b, then A would be 
Sgreatfr or less than B, and could therefore never be equal to 
B ; that is, a winnot be greater or less than b, and must 
therefore be equal to it. 

* Not to bo confused with the Method of Exhaustions, used by. 
Eudoxus (408 -355 B.C.) in propo.8itions Kiich as Piop. C, p. 126, which ^ 
depend on the divisi'in of the Ogure into infinitcsiinal nortions. 
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ffo take a more general example of the Method of Exhaus- 
tion, the proposition “When A ia true, B is true” may also 
be expressed “ When 6 ia not true, A is not true,” if we 
know that each of the statements denoted by A and B must 
either bo true or not truet Kor every conceivable case must 
fall under one of the four classes in the following scheme : — 


• 

B is true • 

. # 

B is not true 

• A is true 

I • 

11 


« 



• i 


A is not true 

iir'‘ • 

IV 


It is here meant that (Hass I. includes all cases in which 
A, B are both true ; Cla^s 11. includes all cases in which A is 
true but B is not true; Class 111., those in which A is not 
true and B is true ; Class IV., those in wjiich neither A nor 
B is true. 

The proposition “Wh^n A is true, B i^ true,” is equi- 
valent to saying that Class 11. does not exist. But the 
{jroposition “When B is not ti:;io,* A is not true,” is also 
equivalent to saying that Class 11. doestnot exist. The two 
propositiems are therefore identical. , • 

Two propositions which are of the forms “ \?'he^ A is true, 
•B is true,” and ‘‘When is true, A is true, ’"“are converse 
to each other. The hypothesis and conclusion of a proposi- 
tion are interchanged in order to obtain its converse. 

A proposition and its converse, are not equivalent.® This 
may be seen by reference to the above scheme. • 

• 

The proposition “ When A is true, B is true,” states that 
Qlhss II. does not exist; but the proposition “When B is 
true. A^is true.” states that Class III. does not exist. 
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For example, the converse of “ When two triangles are 
congruent, their areas are ecpial,” is “ When two triangles care 
equal in area they afe congruent,” jtnd the converse of the 
pioposition, Eiic. i. 8, “When two triangles have three corre- 
sponding sides equal they have three corresponding angles 
equal,” is “ When two triangles have three corresponding 
angles equal, they have three corresponding sides equal.” 
But neither of these converse propositions is true^ 

2. Postulates.* 

t Postulates op the Straight Line. 

Post. 1. A straight line is of indefinite extent. 

Post, 2. There is one ^straight line, and only one, passing 
through any two given points. 

Postulates of the Plane. 

Post. 3. Through any given poifit there is one straight 
line, and only one, which does not cut a given straight line, 
and which is in tlfb same plane with it. 

Post. ^ The whole of a straight line passing through any 
two points of a pane surface lies i!i that plane. 

Post. 5. There is at leas«l one plane passing through any 
three given points. 

' *Post. §. If two planes have one point in common they 
have another .also. 

These postulates, along with the initial statements, render 
formal definitions of a slraiglit line and plane unnecessary, 

I S^olium : A plane is of irnhdinite extent. 

* See Apj)cndix. 

+ A complete analysis of the postulatcR of geometry is giv(jp by 
D. Hilbert, The Foundations of Oeometiy ('J'rans.), London, 1902, and 
A. N, Wbiteliead, The Axioms of Projective Geometry, Cambridge, IDJO. . 

J Scholium ( = n«tf) is here restricted to denote a deduction whioh 
Jt ifl useful to icrnember, but which hardly ranks as a propoBi^ipn, 
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3. The Relations between Two Planes. 

* Def. 1. Two planes which have fto common point arc 
said to be parallel. 

Def. 2. Two pianos (or straight lines) wliich are not 
coincident, but which have a common point, aio said to cut; 
all the points conimofi to two planes form their join, which 
is also calLvi the^ trace of one ]»lane n^)on tlie other. 

Prop. 1. Through three points irot all in one straight 
liae only^one plane 

can he drawn. ' 

• For if two planes 
ft, P have points 
A, B, C in common, 
they also liave in 
common tlie whole 
of the straight linos 

AB, AC. 

[Post. 4, p. 4. 

Let D bo any 
point of the plane 
o. In the plane o, 
any straight lino 
tlirough D (witli two possible cxceptionf^ cuts both AB, AC ; 
say at poyits'E, F respectively. iPost. 3, p. 4., 

These points E, F lie in the plane jS, and tW'refofe, so also 
•does the point D. * ^Post. 4, p. 4. 

That is, any point in a lies also in P, and the planes a, P 
are coincident. 

There is therefore only one *pla.no through the •given 
points. • 

s 

* In every case it is to be understood that .a definition Ic.ivcs quile 
urftouched the question of the existence of the thing defined : that 
must ultimately depend on the postulates. 
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* Prop. ?. If two planes have one point in common their 
join is a straight line. 

For, if they have one point in common, tliey have at least 
two ; [Post. 6, p. 4. 

And, if they have two points in common, they have in 
common the one straii^lit line which c^.iitain.s both points. 

[Post. 2, Post. 4, p. 4. 

Further, they can hitve in common no foint outside this 
line, for then they wouid be coincident; [Prop. 1. 

Their join is tlierefoie a atraij^ht line. 

The possible relations between 'two planes may now be 
stated : 

Two planes must eithel* 

(i) be paralltd, 

or (ii) cut in a .•straight line. 

Scholium : A plane is completely determined by either 
of the following data : 

(i) three j)»>ints not in one straight line, 

(ii) a straight line and a point outside it, 

(ii^ two straight lines which cut. 

4. The Relations J^etween a Plane and a 
♦ Straight Line. 

* Def. 1. A plane and a straight line which ha,\^e no point 
in coirimbn arb parallel, 

A plane and a straight lino may have in common either : • 

(i) no point, in which case they are parallel, [Def. 

(ii) one point, when they cut, 

or/iii) two or more points, when the plane contains the 

j straight lino*. [Post. 4, 

Def. 2. The point in which a .straight line meets a plifne is 
said to be its trace upon that plane. 


Euc. xi. a. 
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• 6. The Relations between Two Straight Lines. 

The plane through cfie straight line and one point of a 
second straight line must eitlier 

(i) cut it, • 

or (ii) conta.in it. [Post. 4, p. 4. 

Since two planes wlftch have in common a straight line and 
an exteniid point are eoincidmit (Seh., p. (1), it follows, if 
any one plane contains both f)f two giVen straight lines, that 
no plane which contains one straight' line can cut the other 
iii^ poin^ extermd to the first. ^ 

Also, if any one plaifc contains one line and cuts the 
* >»hor in a point external to the first, no plane can contain 
both straight lines (by the Method^of Exhaustion). 


Def. 1. Two straight lines such that some ])lnno exists 
which c(jntains botli are said to be co-planar ; two straight 
liiu's .such that no plane exists which contains both are called 

skew. • 

• 

Def. 2. Two co-planar straight linys which have no 
common point are parallel. 


The pos.sible i-clations J^etween any two t^trnight*linos are 
shown in the following .scheme : — 


* They may bo 

non-intcrsecting 


intersecting 
( parallel 
] skew. 

t 



Scholium (a) :#A straight line is parallel to, or contained 
by, a plane if it is parallel to any one straight line in that 
plane. , [Defs. 


Scholium (h) : A plane is completely determined ^hen it 
contains two paridlcl straight lines. [Po.^. 3, Def. 

Scholium (c): A plane which contains one of two parallel 
straight lines, cannot cut the other. 
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6. Notation. 

Points will be denoted by capital jetters, such as A, B, C. 

Straight lines by small letters, such as a, b, c. 

Planes by small Oreek letters, sych as a, fiy y. 

The straight line containing two points, A, B, will be 
denoted by AB, and tlie plane containing two straight lines 
a, b, by ab. ^ 

The straight line which is common to ^wo planes, a, 
will be denoted by (a^)> 


7.*Three Planes. 

Prop. 3. The joins of three planes no two of which are. 
parallel are either concurrent* or parallel ; if two planes are 
parallel their joins with the third are parallel* 


For the three pljmos either 

(i) have a point A common to all, [Fig. 2. 

or (ii) have no point common to all. 



Fto. 2. 


Tn the hrst ease, A is common In every j^air of planes, and 
the tbjee'joiiis meet at A. 

In tln^ sccorid case, no two joins can cut (for that point 
would bo common to all three planes) and, being co-pla^/ar 
in 2 )air 8 , the joins are parallel. [l)ef. 2, p. 7. ^ 

* Euc. Ai. 16. 
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Lastly, if two of the planes are parallel there can be no 
point common to the three planes, 1> p* 5- 

and the two joins caiiliot cut ; being, co-planar they are 
therefore parallel. [Def. 2, p. 7. 



) • 

Fia. 3. 


Prop. 4. If two planes are each parallel to a third they 
are parallel to one another. 

If the two planes could have a common point A, their 
joins with any other plane, which passes through A and 
cuts the third plnne in a lino 1, would bo two lines parallel 
to 1. pProp. 3. 



Fiq. 4. 


But both of these lines parallel to 1 would also pass 
through A, which is impossible. [Post. 3, p. 4. 

Ae planes are therefore parallel. 

.IScholium; If a plane cuts one of two parallel planes it 
cuts thg other also. [Cor. to Prop. 4. 
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8. • Two Planes and a Straight Line. 

Piiop. 5. If two planes are paralfel, a straight line which 
cuts one, cuts the other also. 

(Consider n phine y passiiig tlirmigh ilie given line 1 and 
any point of the given plane /I; and h’t 1 cut the given 
plane a in A. * 

y having a point yi common with ea(jh, cu^^s a, P, in 
pai-allel lines. [Props. 2, 3. 


The line 1 cuts one of these at A and, lying in the siinie 
plane y, must, therefhr^ eu( the vither al>o. [Po.^t. 3, p. 4. 



That is, if the given linff cuts one plane it also cuts tpe 
other. * ^ 

"Scholium (a): A straight line whicdi is paraflel to, or 
contain e(*l ,hy, one of two {)arallel planes is either parallel 
to or contain^id by the other. ’ (Method of Exhaustion^ 

Scholium (h): Tf a straight lim- is contained by one plane 
and is pgrallel to another plane, it is parallel to tlieir join. 

• [Defa. 

Schokum (c): A straight line which is parallel to each of 
two plane.s is paialbd to their join. % 

(Consider a plane which contains the given line and »ny« 
point of the join of the two ]»lanes and use Hch. (/;).) 
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9. One Plane and Two Straight Lines. 

Prop. 6. Any plane which cuts wiie of two parallel 
straight lines cuts the other also 

The given plane a cuts the pbino coiil.iiuing the p:ii-;illel 
lines 1, m, in a 
straight line whieli 
cuts 1 Ri some 
point A. 

[Prop. 2, p. 6. 

This Ime must 
therefore cut m 
* ' I'o. That is, if 
thu given plane' 
cuts one of the 
parallel lines it 
cuts the other 
also. 

[Post. 3, p. 4. 

Schcliiun (a): If 
a plane is pai-allel 

to or conta ins one ^ , 

of two parallel str.iight linos it is parallel to or rontains the 
other. []\[et hod of Exhaustion. 

Note iliat ox|ietlv the .same slateiiient nuiv Le jiiatle in ilifForcnt 
words as foilow.s. If a .straight line ts pntlllel to or contained in,a * 
given plane, *aiiy si raight line parallel to the given Itue is also cither 
parallel to or oontaiiied in the given plane. 

Scholium {/>): if two inPu-secting lines are parallel to a 
given piano, the plane containing them is parallel to it. 

[Post. 3, p. 4. 

* Scholium (c) : If two intersei^ting straight lines are re- 
spectively parallel to anollier pair of intersecting ifnes, the 
platfe of the first pair cannot cut tliat of the second pair. 

[Prop. 3, Post. 3. 

* Eiic. xi. 15. 
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10. Three Straight Lines. 

*Prop. 7. If twq straight lines* are each parallel to a 
third they are parallel to one another. 

Let 1, m be lines each parallel tn n. 

(i) 1, m cannot cut. [Post. .3, p. 4. 

(ii) They are co-pla.nar ; for ofticrwise, a piano con- 

taining 1 ynd one point of m, }VOuM*cut m, 
would therofoco out n, [Prop. 6. 



Fig. 7. 


^and'therefore 1 also, ^ [Prop. 6. 

wtiich it contains. ^ 

From (i) and (ii) it follows that 1, m ace parallel. 

[Dof. 2, p. 7. 

SeJolium: Three straig^it lines, such that each cuts the 
other two, are concurrent or co -planar. ^ 

For any third straight line, which cuts each of two inter-^ 


* Eac. xi. 9. 
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seating straight linos, must oithor (i) pass through their 
common point, or (ii) cut tln'in in two disbiiict points. In 
this last case tlio linos are co-planar. » [Post. '1, p. 4. 

This reasoning can bo applied equally well to any number 
of straight linos, such that each cuts all the otliers. 

Examples I. 

1. No two straight lines each joining twf) given skew 
straight lines are parallel to one another ; no two are 
co-planar •unless they cut on one of 'the given lines. 

2. If any number of points are such th;it all sets of three 
are collinear they are all colliiuftj-. 

3. If six points lie throe by three on four straight lines, 
they are co-planar. 

4. If three planes have no common point the join of any 
two is parallel to the thi^l ]»lano. 

5. Through any point not common to two given planes an 
unlimited number of planes can bo drawn, 6ach cutting them 
in a pair of parallel straight lines. 

6. There is one and onl^ one plane contaihing one of two 
given skew straight lines and parallel to the other. 

• ^ ' 

7. There is one and only one plane >parallel to a given 
plane and* containing a straight line paVallel to it. 

8. The locus of straight lines drawn thiough a given 
^oint parallel to a given* plane is a parallel pJaiie. 

9. There is one*and only one plane through a given point 
parallel to both of two skew straight lines. 

10. Three planes having no cqmmon point must cat in 

two or three straight lines or not at all. » 

rt. If a number of planes have two points common to all, 
•^^any other plane cuts them in straight lines which are either 
all concurrent or all parallel. 
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12. Throjigh any point, not lyin^? in either of two para^el 
planes, one and only one straight lino exists which cuts each 
of two given skew straight lines. * 

13. Parallel to any straight line ())rovided that this line is 
not 2 >'‘n’allel to a ciutain plane), tln«i e exists one and only one 
straight liini which cuts each of two given skew straight lines. 

14. Into how many portions, in gciueral, do four planes 

taken at random divhle space? ^ [15. 

15. Koiir plaries, no*two of which are pafallul, meet in six 
straight lines which are such that either : 

(i) each meets at least four others, 

(ii) three are parallel. 

(iii) six are parallel. 

16. If n planes are such that no two are parallel, and that 
through no point do there jrass more than three, they cut in 
Jn (n - 1) straight lines ; if, further, no two of these straight 
lines are parallel, they cut in (n - 1) (n - 2) points. 

17. A tetrahedron is uniquely determined when in each of 

its six edges one^ point is given ; giten six points there are 
thirty tetrahedron.s, such that each edge conhiins one of the 
six points. * 

18. * There is an indimited number of straight lines, 
mutually .skew,«which all cut two*, given skew straight lines, 
and which are all parallel to a given plane not parallel to the 
two given lines. 

19. * There is ah UTdimited number of straight lines, 
' mutually .ski^w, whi'di all cut throe given straight lines, no 

two of ^vilich ftre co-planar. 


SUPPLEMENT.* 

11. Perspective. 

Def.f* Two rectilinear figures are in perspective when to 
each point of one figure corresponds a point in the qf-her 

* If string models bo con.structed it will be found that these systems 
of lines lie on curved surface.^; they are re.spectively named ptfea- 
boloids and hyperboloids. t See Dcf. 1, p. 17. 
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figtire such that the line joining' tliera passes^ through a 
fixed point called the ccnti-o of perspective. 

Either figure may be haul to be a conical projection of the other. 
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Prop. 8.t If two plane figures not co-planar are in por- 
spective corresponding straight lin^s either are parallel or 
intersect in collineaV points. 

Let a, a denote the planes of^the two figures and AB, 
A'B' two corresponding lines. 

Then AA', BB' meet in the centr^,of perspective O and 
are therefore co-planar. ^ 

Hence AB, A'B' bofh lying in the plane* OAB, either cut 
one another or are paAillel ; and, if they cut, their common 
point R must be comipon to the planes a, a', ain^ therefore 
lies on the straight line (aa"). ^ 

Thus all corresponding liyes in these two planes either, 
cut in collinear points or^arC parallel. 

Def. A perspective drawing of an object is a plane 
figure in perspective with it; the centri' of perspective 
being supposed placed in the eye of an observer, and the 
plane being called the Picture Plaini (P.P.). 

The following Rules can bo immediately deduced from the 
preceding propositions : — 

Rule*(i). Parallel straight lines wliich are parallel to the 
Picture *Plane are repfe^onted by parallel straight 
lines. 

Rule (ii). Parallel straight lines which are not parallel to 
the Picture. Plane are represented fiy foncurrent 
straigUt lines meeting in a point called 'their Van- 
ishing Point (V.P.) ; the .line containing both this 
point and the Centro of Perspective is paiallol t(f 
the given lines. 

Rule '(iii). The Vanishing Points of sets of parallel 
* straight lines all parallel to a given plane lie in a 
straight line called its Vanishing J>ine (V.L.) ; the 
plane containing this line and tlio Co"^”'' 
spective is parallel to the given plane, 

* Desargues (1593-1GG2). 
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• 12. Projection on a Plane by Parallel Lines. 

Def. 1. One figni-e is ^he parallel pr(yection of the other 
when the lines joining eornisjKjndin^ points are all parallel. 
The figures are also said to be in parallel perspective. 

Def, 2. The plane on which a ligiire is projected is 
called the plane of projection. 


Pjioi>. The parallel projection of a straight line on a 
plane is a straight line. * 



Fio. 10. 


If A, B are any two points in a given straight liiv? and 
A' be the projection of A on^a given })laue a,«P’ (the projee- 
tion of P, any point on AB) Ifes in tlie plane ABA' as well 
as in the plane a. [Dei. 2, p. 7. 

The projection of the straight line A& is therefore the 
straight lint) wliieli is the join of these twtk pianos. 

; ■ [?i'op. 2, {., G. 

^Scholium (a) : The projections of paralhd stwiight lines 
are pa rallel straights lines. 

For if their projections had a common point the given 
lines, being co-plaiia.r, would have a corresponding phint in 
common. « * 

Scholium (h): Tf one jfianc figure is the projection of 
auotl^r, corre.sponding siraigld lines in the two figures 
r ai’G parallel or cut in collincar points. 

[(7/). Prop. 8. 
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13. Points at Infinity.* 

In treatin^^ of ili<' relations between two planes we said 
that they either 

(i) cut in a slrai^ht line 
or (ii) are parallel; 

and in the the(>reins which followed, separate consideration 
had to be given to ])arallel planes. This dould^ 'a eatment 
can be avoided if we agree to speak of ''parallel planes as 
planes wdiich “ ent in h straight lino at infinit) .” 

Tt is useless to attempt to form any geometrical con- 
ception of “ points at infinity,” becansi' it is simply a con- 
venient form of s])eech by tlie use of whieh we can ri'duce 
all the theorems yi't considered to special cases of a single 
more general theorem. 

In the same way we may agree to sjieak of a straight line 
“ cutting in a point at inlinity ” any plane or straight line 
to whieh it is parallel. , 

In order that ^tliese phrases may really simjdify the rela- 
tions wliieh Ave wish to describe, it is im])oiiant to see if it 
is possible to make thesi; titular “points and straiglit lines at 
infinity ” obeyt the six fundamejUtal postulates (p. 4) in all 
or nearly all cases. 

Def. 1. In tho^rst jdiice, we must define a straight line 
[■ontaining a iKiint and X, a “point at infinity on the 
straiglit line a/’ V) be a straight line containing P and 
parallel tjp a. 

Def. 2. Similarly, a plane containing two points P, Q and 
X, a “point at infinity on the straight liiK; a” is a plane 
:ontfiiivng P, Q and paiallol to a. 

iJef. 3. Further, a [di^ne containing a point P and X, Y, 
Iwo “*pf>intH at infinity on tlie straight lines a, b rospec- 
Ively,” is a })lane containing P and paiallel to the straight 
ines a, b. 

* 

* The idea of Points at Infinity was used by Desargues in 1639,’ 
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• • • 

The first two and the fourth postulates offer no difficulties, 
but the third must be expressed anew. Tt is e(Juivalent to 
the following statement*— 

In any given straight line there is one and only one “ point 
at infinity,” and every pair of co-planar straight lines have 
one point in common (which may be a “ point at infinity ”). 

For if a straight fine a had two “points at infinity,” 

X and Y7'‘^hrough any point P two sij'.iight lines (Post. 2), 
PX and PY, could be drawm each parallel to a (l)ef. 1, p. 18). 

The fifth postulate, when one or two of the three points 
are taken To be “ points at infinity,” .states the possibility of 
I awing a pla ne through ff^vo given points parallel to a given 
Straight line (lief. 2, p, 18) through one given point 
parallel to two given straight lines ^Def. 3, p. 18). 

The sixth postulate is only used to prove the second pro- 
position, which enables us to make the following statement : — 

Every pair of planes i)|^)t coincident cut in a straight lino, 
which may be a “stiaight line at infinity.” 

There it' one exception fo I he new statCTnent of*the third postulate 
given above: A “ straiglil line at infinity” contains an unlimited 
number of '* points at intinity,'’ in>lead of only one. • 

For a straight line at irififtt}^” x, iinplii'S Ihc^cxisteneo of two 
parallel planes, a and /SI .say, whicli are .sucli that, an indelinitely great 
number of planes, .such a.s y, may be (fr^wn, each plane cutting them 
in a pair of [larallel straight lines, such as ^07) and {(iy), (Schol., 
p. 9 ). Evew sueh pair of linos cut in a “i*)int at infinity,” and in , 
order to preserve the same form of speech aif before, these must 
described as common to the two plane.s a, fi, and thtrefore as con- 
mined by the “straight line at»infimty,” x. ^ • 

Scholium : In any plane there is only one “ lino at infinity.” 

For if there were more, tlrero would bo more tluin one 
plane parallel to a given plane and passing through a jiven 
point. • ^ 

r# r.allel projection as defined in § 12 is seen to be a special 
^^jgge of perspective if we take the centre of perspective to be 
point at infinity.” 
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We can now express the results of this chapter as special 
cases of thd following general theorem : — * 

c 

Theorem : If X, Yf Z refer to any lines, surfaces, or spaces, 
then any points common to X and Y and to X and Z are 
common to X, Y, and Z, and therefore to Y and Z. 

For example, to get the results of ^ 7, let X, Y, Z refer to 
three planes. ^ 

If the point common to the three plands is “ at infinity,” 
their joins have a “ point at infinity ” in common ; in every 
case, therefore, the joi^s are concurrent or parallel. 

[Prop. 3, p. 8. 

If one of the joins beconjes a “ straight line at infinity,”** 
the other two “ cut at inanity ” and are parallel. 

[Prop. 3, p. 8. 

If two of the joins become straight lines at infinity,” 
they must coincide by the scholium above, and therefore all 
three joins coincide at infinity, and the three planes are each 
of them parallel to the other two. [Prop. 4, p. 9. 

Examples 11. 

1. If two triangles are such ^at pairs of corresponding 
sides lie respectively in tj^nee distinct planes, the triangles 
are in perspective. ® 

» • 

*' 2. Two trianglesf not co-planar, which have pairs of corre; 
sponding ^ides, either parallel or cutting in collinear pointsi 
are in perspective. 

• 

3. Any two triangles which have pairs of corresponding 
sides parallel or cutting in three collinear points are in 
peri^eotive. (To be deuced from Ex. 2.) 

4. If two tetrahedrons are in perspective, the six pairs of ; 

corresponding edges are parallel or cut in co>planar points/ ^ 
and we^four pairs of corresponding planes are parallel 
cut in 0£^p]Anar straight lines. * 
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Express the following statements (5-10) in terme of parallel 
straight lines and planei^ instead of in terms of ** points at 
infinity.” Justify the original statemenlf (in terms of “ points 
at infinity ”) if necessary. 

• 

5. If two planes have a straight line at infinity” in 
common, any straight l^ne which cuts one plane ‘‘ at infinity” 
cuts the qjiher “ at infinity ” also, or is contained in it. 

6. If two strai^t lines cut “at infinity,” any plane which 

contains one or cuts it “at infinity” cuts the other “at 
infinity” dso or contains it. ^ 

7. If a straight line cut^each of two planes “ at infinity,” 
St cuts their common join “ at infinity.” 

8. If two intersecting straight lin6s each cut a given plane 
“at infinity,” the plane containing them also cuts it “at 
infinity.” 

9. If two intersecting^straight lines p, q respectively cut 

“at infinity ” two other intersecting straight lines p', q', the 
planes pq, p'q' cut “at infinity.” ^ 

10. If two straight lines each cut “at infinity” a third 
straight line, they cut one another “ at infinity.” 

11. If a, y, S be four ^anes which have no common 
point, even at infinity, the joins fi/B and yS are skew. 



CHAPTER 11 

GENERAL METRICAL .THEOREMS 

14. The Angle 'between Two Straight tines. 

The conceptions expfcssed in the postulates of the pre- 
ceding chapter adniitt. of remarkable developments, which 
form the subject of Piojective Geometry; but al the same 
time, takeTi alone, they include but a small fraction of the 
facts connected with spaQ'i which Geometry sets out to^ 
classify. • 

Other conceptions necessary to make a complete scheme * 
are those involved in the fact that it is possible to compare 
solid bodies, regarded as rigid, by bringing them together 
and placing them side by side. • 

The final postulate thus required is stated below in a form 
ready for immediate application. 

Post. 7. A geometrical figure may be conceived to change 
its position in sj)ace without alteration of any of its geometri- 
cal properties; in particular,, if •a denote any plane of the 
figure, a any straight line jn the plane, A any point in the 
straight line, and b, denote any other plane, straight 
t line, and point siiniltirly related to one another, the figure 
can be mov^d so that o, a, A will become coincident with 
/J, b, B respectively. 

Scholium* The position of a geometrical figure is fixed 
when the positions of three of its points ate known. 

Deft, Two geometrical figures are congruent when they 
can J)e made coincident by Superposition. 

In pl^ipe geometry it is now*usual to distinguish between congruent 
figures and equal figures, the latter being taken to mean that the 
figures ate of equal area, but not necessarily of the same shaptt At 

* A. N. Whitehead, The Axioms of Descriptive Oeometrv. GambridSS! 
1907. 
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• 

the same time the word equal is not explicitly defined, but is left to be 
understood from the following? axioms : — • 

Things which arc equal toethe same thing are equal to one another. 

If equals bo added to equals, the wholes aretequ.il. 

If equals be taken from equals, the rernamders are equal. 

Things which are halves of^the same thing, or of equal tilings, are 
equal to one another. 

A more concise method is indicated by the ob.servation that tho 
various geomelrieal magi^tudes described as equal, lengths, angles, 
areas, canth^ completely specified by a single nuiueiical measure. 

Def. Geomeil’tcal magnitudc.s are equal wlien their nume- 
rical measures in terms of tlie same uvil arc the same. 

In tho yase of lengths of straight lilies, and magnitudes of 
angles, equality denotes congruence. 

^ Equality is denoted by the sign “ = 

* Proi*. 10. If each of two*fhtersecting straight lines is 
parallel to one of two other intersecting straight lines, 
the angles made hy the first pair are respectively con- 
gruent with those made by the second pair. (big. 11, p. 24.) 

Let AB, AC be the llrst pair of and let the second 
pair DE, DF be parallefto AB, AC respectively, and in the 
same direction.'|‘ ^ 

Then are the angles BAC, EOF to be proved equal. 
Choose E, F so tliat DE^AB, DF = AC. » 

Because AB, DE are %qy:il, parallel, ahd in the same 
direction, ABED is a parallelogram, [Euc. i. 33. 

And therefore AD, BE are cqifal, parallel, and in the siimo 
direction, • • [Euc. i. 34.^ 

• Similaidy AD, CF are equal, parallel, anj in the same 
^direction, ^ , 

And therefore' P E, CF are equal, parallel, an^ in the same 
direction. [Prop. 7, p. 12, 

Hence BC, EF are equal; [Eiic.,ii 33, 34. 

Therefore the triangles ABC, QEF are congruent; • 

[Euc. i. 8. 

ffhat is, the angles BAC, EDF are equal. 

‘ ^ * Buo. xi. 10. 

’ t Parallel straight lines AB, DE are drawn in the same direction 
when tl^py lie on the same side of AD. 
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The proposition jnstprovc<i enables us to give the follo\v,ing 
definition Af the .mgle between two skew straight liinjs: — 

« 

Def. 1. TJie angle between two skt'w straiglit lines is the 
angb; between two inti'i-secting straight lilies to which they 
are respectively paralbd. • 

It is sometimes eonvenieait to speak of parallel straight 
lilies as all having th(i same direefion, because this is a 
reminder that the angle between any twp stiai^it lines is 
eipial to tl>e angle bi'tween any pair of lines to which they 
are respectively p.u-allM. 



Fig. 11. 


* 9 

Def. 2. Two skew straight Tines ;iro perpendicular when 
the angles between them iw’t right angles. 

«• 

. 15. The Normal to a Plane. 

« 

Def. 3. * A straight line is noripal to a plane when it is^ 
perpendiculal’ to all lines in that plane ; ^aiiy straight line 
which cuts a plane and is not normal to it is oblique to it. 

* ProV. 11 . A straight line is normal to a plane if it is 
perpdtidicular to each of two intersecting straight lines in 
that plane. 

Let the line DG meet the given plane a in A. 

* Euc. xl 4, 
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J^et AB, AC bo lines paralh'! to tlie two given 

lines; tliey are theieforo nerpen<lieular to DG. * 

, [l’i-f)p. 10, p. 211. 

It is to be pioved that DG is perpendicular to any other 
straight lino in a. * 


Let AE be parallel tetany other straight line in tlio plane, 
and let sw^e straight lino through E cut AB, AC in B, C 
respectively. Chof)so G so that DA -/fG. 



Fio. 12. 

The ti-iangles DAB, GAB^ai^ congruent, [Euc. i 4. 

and therefore BD^ BG. 

SimiLiTl}»,^Ct) = CG. [Euc. i. 4.. 

Therefore the triangles BCD, BCG are congruent, 

• • [Euc. i. 8. 

and therefore also £D = EG by superposition. 

Hence the triangles DAE, GAE are congruent, [Efl&. i. 8. 
and therefore DAE = GAE. • 

H^ce DG is perpendicular to AE and to the line to which 
.A& is parallel. That is, DG is perpendicular to any straight 
line in a and is therefore normal to a. 
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* Prop# 12. Through any point there is only one plane 
normal to a given straight line, and only one straight line 
normal to a given plane. 

(i) For siipposo two plajios tliroiit,^}! a point A woro 
to cut a givisii straight lino to whicli they \vcru both normal 
in points B, ^ 

Tho straight linos AB, AB' would oaoh bo pi*L£)ciidioular 
* to tho givon lino BB^ and 

. « this is impossible, 

j ^ [Dei. :bp. 21; Fiic. i. 16. 

I 4 (ii) Again, suppose two 

straight linos through A 
W(‘re to out a given plane 
to which the) were both 
normal in points B, B'. 

Ashvdbre, AB,AB' would 
t'ach be ))ei ])endieuhir to 
BB' ; wliicli IS impossible. « 
[Def. 3, p. 24 ; Fuc. i. 16. 

Hi^nce through a given point there* is only one plane 
normal to a ^Wen straight lin^, and only one straight line 
normal to a given plane. • 

Scholium {a ) : 'Jil 10 shoftest distance of a point from a given 
plane is along the lyirmal to tho plane from tiie |ioint. 

^ *' [Def. 3, p. 24; Fue. i. 16, 19. 

' Def. ‘TJie distance of a pointt from a jilane means Ijjie 
shortest distance of the point from the j^laiie. 

Scholium {h): The locus of points equidistant from two 
given 'points is tho plane which bisects the straight line 
joining them and is normal to it. [Euc. i. 8 ; Prop. 12. 

f Scholium (c): Planes normal to the same straigl^t line 
are parallel. [Prop. 12, and Method of Exhaus^jflU. 

* Includes Euc. xi. 13. t Eac. xl 14. 



Fi(^. 13. 

«■ 
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*TPRor. 13. Straight lines normal to the same.plane are 
parallel. 

Let a, b bo two noi inals to a plane a. 

If through A, any point* in a, o straight lino be drawn 
parallel to b, it also will be norm:il to tlie plniie, 

[Def. 8, p. HI; Pi op. 10, p. 23. 

But through an}^ point A there is onl\ one line* a normal 

to a. , 12. 

Therefore tlio jiarallel to b through A is a ; that is, a and 
b aro pai-allol. ^ 

* Scholium (a); A straight lin«, perpemlieular to each of 
two non-parallel straight linos is in 'h’linitc* din’ctioii. 

[Prop. II, p. 24; Prop, 13. 

Scholium {h): A straight line jierpendicular to a given 
straight lino is not lixed in direction, but is piiiallel to all 
planes normal to the giveh line. [Method of Exlriustion. 

Def. 1. 1’h(} orthogonal projection of a pipnt on a plane is 
the point in which the normal througli it cuts the plane. 

Scholium (r) : The orthogonal projection of, a straight line 
is a straight line or a point. • 

Tor it is the join of two plaint, or a plane and the 
straight lii\c. • [Prop. 13. 

• 

* Def. 2. The orthogonal projection of a point tn a straight 
Une is the foot of the perp*‘ndicular diawn tlirough*the point 
and cutting the sti“^ight linv. 

Examples 111. 

1. If a straight line be rotated about a co planar axis from 
a position AB into a position A'B', the two straight lines 
AR, A'B' are co-planar. 


Euc. xi. 6. 
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2. If ope of two slcow straif^lit lines is turned aboute tbe 
other from a position AB into a position A'B', tlio two lines 
AB, A'B' are skewf unless AB is perpendicular to the axis. 

3. The extremities of one diagonal of a parallelogram 
are e(pjidistaut from any plan5 which contains the other 
diagonal. 

4. If two plane figures arc in perspective, the^/emain so 
when either is tin ned about their commoii join as fixis, 

5. ABC is a triangle and O is a point outside its plane. 

If OD be the normal from O on the plane and OE the 
perpendicular on A^, show that DE is perpendicular to 
AB. If D bo the orthocentre of ‘ABC, show that the normal 
from B on the plane OAC, meets OD. ^ 

6. If a plane figure be rotated about any axis lying in its 
own pin lie from one position ABC ... to another A'B'C' . . 
either of these figures may be regarded as a parallel pro- 
jection (not orthogonal) of the othei*. 

7. There is in gonoral passing thfough any point in a given 
plane ono and only one straight line lying in that plane and 
perpendicular to a given straight line. What is the exceptional 
case?**, 

8. If two stAiight lines drawnrfrom a point to a plane are 
equal, they make equal angles with the normal to the plane, 
and meet the plane in pokiis equidistant from the orthogonal 
projection on it of tl^ given point. 

9. Of two^unequal straight lines drawn from a point to a 
plane, tlu^ greater makes the greater angle with the normal 
to the plaile through -the point, and meets the plane in S, 
point at a greater distance from the orthdgonal projection of 
the gi^Gii point on the plane. 

1^. Planes through A, B normal to OA, OB respectively 
meet iy the line CD, where D is in the plane AOB ; prove 
that C D is perpendicular to both B D and BA. ^ 

11. On every straight line, not parallel to a certain plane, , 
there is one point and only one point equidistant from two 
given points. 
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* , 

12. If AC, BD are two skew sti night lines eqiial in length, 

and*E, F are the centres of AB, CD respectively, EF is less 
than AC. • 

• 

13. The orthogonal projections of two perpendicular 
straight lines on a plane pamllel to one of them are at right 
angles. 

14. The trace of one j'flane upon another is perpendicular 
to the ortliogonal projection of the norn^jil t.o the first plane 
on the second. 

15. If planes be drawn through a given straiglit line, the 

locus of the*orthogonal projections on tiiem of a given point 
io 0 . circle. * 

10. If AC, BD are two skew 'strp,ight linos, and points 
P, Q are taken on them respectively so that AP, BQ are 
equal, then PQ is parallel to a fixed plane. 

17. The locus of points lying in a given plane such that tho 
difference of tho square's ?of their distances from two fixed 

joints (outside the piano) is constant is a straight lino perpen- 
dicular to the straight line joining the two gWen points. 

18. In every plane, not parallel to a ci'i tain straight dine, 

there is one point and only c»io equidistant froiii the vertices 
of a given triangle. ^ 

19. The orthogonal projection of a righiJ ;niglo is obtuse if 
the plane of ptojection meets both or hgither of its arms,, 
without thesfi lines having to be produced backwcirds ; if one 
of these lines must be prodyced backwards to meet plane 
afld the other need not, the j)rojection of tho right angle is 
an acute angle. 

20. If the orthogonal projection of a right angle is k’ right 
angle, the plane of projection is parallel to one of its arm.? 

> 

21^ If tho algebraic sum of the distances from two given 
planes be the same for two points A and B it is constant for 
all points in the straight line AB. 
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22. If tlio alf,^obraic sum of the distances from two fixed 
planes is "the same for each of three points A, B, C it is 
constant for all points in their jihnio, 

23. Assuming lhat if the sum of the distances from two 
fixed straight lines i)f a )K)int l.>ii*.g in theii- i)laiio be constant, 
the locus of this point is a. straight line ecpially inclined to the 
given lines, deduce that, if the sum of the distances of a point 
from two fixed planes b(^ constant, its locus is a plpne equally 
inclined to tlie two fixed planes and pnralVd to their join. 

24. If three straight lines, a, b, C, are parallel to a plane, 
and three straiglit lines di.awn in .any given direction cut b 
and c, C and a, a and b respecti,v-e]y, the greatest of them is 
equal to the sum of the other two. 


16. The Shortest Distance between Two Skew 
Straight Lines. 

Def. The shorlest distance between two skew straight 
lines is tlio lengtli of tlio shortest lino joining them. , 


Prop. 14. There is one and only one straight line cutting 
at right angles each of two given skew straight lines, and its 
length is the sliortest distance between them. 

1. Let AB, CD be two ,^kew straight lines and let CE be 
parallel to AB. I.ct A' l?o the orthogonal projection of A 'on 
the plane CED and* let A'B' be parallel to AB. 

A'B' is thVrofore parallel to CE, [Pjop. 7, p. 1^. 

And therefore lies in the plane CED. ^ [Def. 2, p. V. 


Hence CD cuts A'B' in .some point H'. [Post. 3, p. 4. 
A'B' also lies in the plane ABA', [Def. 2, p. 7. 


And is therefore the projection of AB on piano CED. 

[Prop. 9, p. 17. 


Thus H' is the projection of some point H in AB. 
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HH' therefore cuts AB, CD at rii^lit nii^les. 

* 1, p. 27; Ddf, 3, p. 24. 

If any otlier straight line KK' could evt AB, CD at ri<rht 
anodes, it would he ])ar;dlel to HH' oiid the hues AB, CD 
would bo co-plaii:ij‘. 

[Prop. 11, p. 21; Prop. 13, p. 27. 

TIcuico HH' always hxisLs, .md i.s tlie only straight line 
cutting and CD at right angles. 

[Post. 3, p, 4. 



10 G. 14. 


.2. Let A, C bo any two points' one on each of the given 
lines. 

• 

• The triangle AA'C is thus right-angled'at A'; 

[Def. 3, p. 24. 

Thus AA' is less than AC. [Euc. i. 10, 19. 

But AA', HH' being normals, are parallel [Prop. 13, p. 27. 

And AB, A'B' .are also parallel, therefore AA'-- HH'. ’ 

[Euj. i 34. 

tHus HH' is less than any other line joining the given 
lit>es, and its length is the shortest dist-ance between them. 
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37. The Angle between Two Planes. 

So far geoTTietrical magnitudes ^ave been compared by a 
single superposition. The introduction of the idea of ratio 
involves comparison by an uiijlirnitcd number of super- 
positions if tho ratio bo incommensurable, and in any case 
implies arithmetical representation. 

Wo shall take it for granted that all T'atiojfj whether 
commensurable or iftcommensurahlo, obey the same laws. 

Def. 1. L’wo half-|Manes, each bounded by a straight line 
which forms their ccvjumon edge, make two dihedral angles ; 
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their magnitudf-s being determined by the respective fractions 
of a complete revolution necessary to move one half-plane 
from its own position into that of the other by the two alter- 
native routes. ♦' 

» As the half-plaT>o* rotates, the normal to it ptough any 
point of the hxis of rotation rotates in a plane normal to the 
axis and feturns to its original position when the plane does^, 

Scholium : The magnitude of the dihedi'al angle may there- 
fore be denoted by the same measure as the plane angle 
betweeil the two corresponding positions of the normal, or 
by ifnat of the plane angle between the two positions of a line 
in the 'plane, perpendicular to the axis of the dihedral angle. 

Def. 2. Two planes are perpendicular when the angles 
made by them are four right dihedral angles. 
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*5rop. 15. The statements 

(i) two planes are perpendiculai, 

(ii) a straight line of one plane is normal to the other, 
are equivalent. 


Let the two phines a, ft cut in AB, and let BAG, BAD bo 
right angles in the planeS a, respectively. 

Statement, (i) of -the enunciation mstkcs CAD a right 
angle. • [Def. 2, Sch. p. 32. 


Statemeuta(ii) makes a normal to li(9 in a. 



16. 


But this normal must be perpenilicular to AB, and there- 
fore parallel to AC. 

Hence, ag<^ip, the angle CAD is a right angle. 

[Def. p. 24. 

the two statementg are therefore equivalent. 


4 Scholium : The join of two planes, each perpendigular 
to a third plane, is normal to that plane. 

For the normal to that plane, through any point corrtmon 
to th^ first two, lies in each of them and is therefore their 

join. 

* Euc. xi. 18. t Euc. xi. 19. 


* Euc. xi. 18. 


C 



34 


ELEMENTARY SOLID GEOMETRY : 


18. The Angle between a Straight lane 
and a Plane. 

Def. The angle between a straight line and a plane is tb 
angle between the straight line and its orthogonal projectio 
upon that plane. 

c 

Fbop. 16. The measure of the acute dihedral anfle betwee 
two planes is that^of the greatest acute angle which an 
straight line in one plane makes with the other plane. 



, Let B be the projectiem on a plane P of any point A i 
another plane a. ^ Let the perpendicular from A to the joi 
\ap) meet it in Ct Und let 6 be any other point in (ajS). 

I Since^ Cb is perpendicular to AC, AB it is normal to ^ 
|»lane ABG, and is therefore perJ)endiGular to CB., ^ 

w Onie measure of the acute dihedral angle (a)3) is the S&i 
& tbaJb of the plane angle ACB. ];t4 

I "Jklso, ADB is the angle which AD, any straight liS^ 
m&es with the plane p. 

is required to show that ACB is the greatei ^l^M 
l^^oh ADB can assume. 
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is »ny position other than C, the triangle DCB is 
^p^ngled at C, and therefore BD is greater than*BC. 

['Euc. i. 19. 

°! BD eonal to BC, the triangles ABC. 
f^B D being both right-anglej and tlieiefoie congruent. 

[Euc. i. 

^ is'exterior to the triande AD'D and 
;iaierofoM the angles .ACB, AD'B are eaoh greater than the 
.ftugleAub; 

'h 

That IS, AiJB is the greatest angle whith any straight line 
Bjeasure of ACB is that of the 

(Ui^ral angle (a^). 

•• 

Examples IV.* 

V 1. lie pTOjection of any segment of a straight line on any 

1.1 parallel is of the same length as and 

J>arallel to the given segment. 

£■•2. The projections of segments of a straight line hare to 
,pne another the same ratio as these segments. • 

-il’ angles which have their edges parallel 

^ the faces of either resj^otively perpendfbular to the 
^aoes or the other, are equal or supplementary. 

h<f equidistant from two planes is the’ 

l^.of plane# bisecting the angles betweeflMihem. 

^ 1 When a straight line is paraUel to a plane tfie shortest '- 
l^oe between it and any straight line to which it is not ‘ 
lymg m thatiplane is Constant, 

^’^e locus of points equidistant from two interseeting i' 
WM^ht Unes IS a pair of perpendicular planes, each of whiA i 
incbned to the given straight lines. , 

plane is equally inclined to two straight lines itf 
straight lines bisectinsr the analiML^ 
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8. Three parallel planes divide all straiglrt Tines whicj> cut 
them in !he same ratio. 

f 

9. If a straight line be equally inclined to the sides of a 
dihedral angle, its traces on those planes are equidistant 
from their join and conversely. ' 

10. If in a tetrahedron three intersecting edges are 
mutually perpendicular, the orthogonal piojection of any 
edge upon the opp(V»ite edge is a point. 

11. Assuming that the locus of points P lying in a plane 
AOB, such that the sum of the projections of OP on OA 
and O B is constant*, is a straight line, the locils of all such 
points P in space is a plane perpendicular to the given plane. 

12. A, B are the projoc'oions of a point P on two perpendi- 
cular planes ; if the perpendicular distances of A, B from the 
join of these planes be given, give a plane construction of 
the perpendicular distance of P from this line. 

13. The traces of a straight line on perpendicular pianos 
are A and B ; given the lengths of the perpendiculars A^, 
BB' drawn to Jhe join of these planes and the distance A'B^, 
give plane constructions for the angles which AB makes with 
the perpendicular planes, and with A'B'. 

14. Give a plane construction for the projections on two 
perpendicular planes of ^ straight line which makes given 
angles with them, and*^ which passes through a point' the 
projections of which are known. 

16. Givfe a plane construction to find the inclination of a 
segment of a straight line to tj^ie join of two perpendicular 
planes, knowing the lengths of its projections on the two 
planes and the inclination of one projection to their join, 

!()." Given the orthogonal projections of a point P on two 
p*'ianes at right angles and A, B the traces on these planes of 
a stifaight line, find a plane geometrical construction for the 
perpendicular distance of the given point from the,, given 
straight line. (Construct a triangle with sides ec^ual to tbosq^ 
9f PAB.) 
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The locus of straight lines equally inclined to two 
intersecting straight lines, and passing through their common 
point, is a pair of planes perpendicular to the plane contain- 
ing them. 

18. A straight line which ft equally inclined to three inter- 
secting straight lines in a plane is normal to that plane. 

19. All straight lines equally inclined to two given planes 
are paralled to one oif other of two fixed jiJ:ines. 

20. If two straight lines in one plan® he equally inclined 
to another ^lane, they are equally incjined to the join of 
those planes.^ 

If AA', BB', CC', DD' are parallel edges of a parallele- 
piped, the shortest distance betM^en AC and B'D' is not 
greater than that between AC and A'C'. 

22. The locus of points dividing in a given ratio any 
straight lino which joins two parallel pianos is a parallel 
plane. 

• 23. The locus of points dividirig in a given ratio any 
straight line whicli joins two skew straight tines is a plane 
parallel to both. 

24. If two skew straight tlines AB, CD ewe joined by 
straight lines AC, BD, which are bisected at P, Q respec- 
tively, all straight lines which joiR j;he two given lines and 
cut PQ are bisected by it. 

• 

25. Through any given point either tv^ strai^t Itnos or 
none can be drawn to meet a given circle, and ^ given 
stj&ight line not in the saftie plane with it. What excep- 
tional cases occur ? • 

26. The locus of points which divide in a given r.'iiio all 

straight lines parallel to a given plane which join two givi^n 
skew straight linos is a straight line. • 

27^ If any solid figure is rotated about an axis, from a posi- 
,tion denoted by ABC ... to that denoted by A'B'C' . . ^ 
the lines A A', BB', CC' are all parallel to a certain plane. 
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28. A Sf'Lfiiioiit of :i sli-.iiirht lino in;iy l)o movod fi'onji any 
one posii’iuii, AB lo any oIImm-, A'B' by Ji- rotation about an 
axis wliicli is piupoiulioiil.-ii- to both AA' und BB'. 

29. * A solid fimiro moving with nno point n\od at O ean 
bo movod from any ono j)ositio.) lo any otlur by a rotation 
about Mil axis passini^ tliroui^di O, 

30. f A solid ti<oir'‘ oan be* I'onio'. ('<1 from any ono posiiiion 
to any otlua-, oitbor l>y rotations about two siircos^ivo axes or 
by a pure tran.slation J and a lol.ilion. 

31. Ev('ry lino wlio,s(‘ ortlio' 4 :onal projootions on two inter- 
secting jilanos are b«»th straight linos is a sli-aiglit lino. 

32. If P, Q, R, S aro four ‘points, ono on ('ach of four 
paralhd edges of a jiavalloJ,' -piped, wliat is the condition that 
they should be oo-planvr if tiioy cut oil from tJie edges lengths 
a, b, C, d respi'otively ? 

33. On either of two skew straight lines thei'o are two 
points at a gi\en distance fioin the otiier line, jirovided that 
this distance exceeds the sliorte.st distance betwemi them. 

34. Givi'u the projection b\ parallel lines of a skew quadri- 
lateral ABCd on a jdaiio parallel lo AB and CD, lind a 
pbue couNlrnction for the length and diieetion of a siraiglit 
lino whicli is ])ar.illei to the same plane, and ^\hich divides 
AD, BC in a givi-n ratio. 

30. If in th(p.precedi!ig ipiesfion A'B'C D' is tlie projec- 
tion of the, skew , quad I ilat era! ABCD and D'A'B'P is a 
parnlbdograin, th leiigtli and direction of the' shortest line 
wliich is j^iarallel to the plane of proji-ction and Avhich joins 
AD and BC, is equal to that of tlie perpendicular drawn from 

D to C'P. 

36. Joining any two skew straight linos there can be 
drawn two, and only two, str.iight liue.s parallel to a given 
pVano and of given length, providi'd that this length exceeds 
a certain value. 

• Euler, 17.50. t Chaslus, IH.'JO. 

+ A pure translation is such that the displacemerit of any one point 
of the figure is equal .md parallel to that of any oilier. 
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SLI PfLEMENT. 

19. Symmetry. 

Def. Two points uro symmetrical with respect to a given 
centre, ■wh^‘ll tlint contro hisccis tlu* str.il'/lit wliioh joins 
them; eitluT point,is ibo sMiimotric po-tit of tlie other with 
respect to the ^iven point. 

Def. Twy points are symmetrical w^th respect to a given 
axis, when that axis hisecls tlie .sti.ai^jfht line wliii-li joins 
t^inn aiel is perjunMlieiilar to it; (‘ither point is tin' synniietrie 
pcniit of the other with respect l<i»the j.nven straiglit line. 

Def. Two points are symmetricalVith respect to a given 
plane, wlnni that jilimo bisects the stnnVlit ]in(‘ which joins 
tliein iind is noriiiiil 1o it; either point, is the syiiiinetric 
point of tile other with respect to the given plane. 

• 

Def. Two figures are symmetrical with respect to a given 
centre, axis, or plane, when corre.sponding points :u e s\inmo- 
ti-icfil; and one figure is the .symmeli ie figure of tlio other 
with respect to that centre, axis, or [ilane. * 

Def. A figurt! is symmetilcal with icspect to a given 
centre, axis, oi plane, when it eftipcidi'.s with its symmetric 
figure. 

Prop. 17. Two figures symmetrical with rApect to an 
are congruent. (Seo,Fig. 1<S, p. 10.) _ • 

Let AAi' , BB', CC', be pairs of points .symmetrical with 
respect to an axis 1, which bisects AA', BB', CC' in A", B", 
0" respectively. If, with 1 as Mxis of rota.tion, the points 
A, B, C bo rotated through half a coniplelo revolution, ^"A, 
B"B . . . will coincide with A" A', B"B' . . . re.spect^vely. 

fhe two figures ABC . . , A'B'C' . . . are therefore 
congruent. 




Fig. 19. 
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Prop. 18. T^o figures symmetrical with respect to a 
centre can be^aced so as to be symmetrical with respect 
to a plane, and conversmy. 

Let 1 be any straiglit^ linn t.hron"h O the centre of 
symmetry, and lot a be the piano tliroiifrii O normal to 1. 

Suppose the figure A4B^C' . . the symirn'tric figure with 
respect fo 0 of the figure ABC . - to be rotated about 
1 as axis through half a complete rcivoilition into a position 
A"B"C" . . . Then OA" lies in the plane containing 1 and 
OA, and OA, OA" are equally inclined to 1. TIenco AA" is 

parallel to f and is therefore normal to a and bisected by it. 

■ 

• Conversely, if ABC . . . , A''B"C" . . . are symmetrical 
witli respect to a plane, and any poyit O be taken in it and 
the figure A"B''C" . . . rotated tlirough half a complete 
revolution about the lino 1 through 0 noinml to a into a 
position A'B'C^ . . this figure is the image of ABC . . . 
with respect to the centre O. 

Scholium (a) : Two figures which are s) mmetrical with 
respect to a centre or plane have their corrosj)onding straight 
lines, plane angles, and dihedral angles equal. 

For corre.sponding straight Jinc.s are eqna? in the case of 
symmetry with respect to a centre, from Euo. i. 4. 

Hence folbws the equality of tlie angl^es, plane and 
dihedral, from Euc. i. 8 and suporpo.silion. 

The extension to symmetry with respect to a pltwio follows 
from the preceding propo.s^^ion. . 

Scholium (ft) : Symmetric figures of a given figure with 
respect to parallel planes are congruent. 

For one figure may be superposed on the other by a 
un^orm displacement of every point of amount equal to 
twice the shortest distance betAveen the two planes in the 
direction normal to them both. 
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Scholium : Symmetric figures of a given figure with respect 
to two cenirus or planes are congruent. 

I 

Case i., of Iwo nentrea, is reduced to Sch. (i), p. 41, if the given 
figure ia moved througli half a complefc revolution about the straight 
line joining the two centres as axis. 

Case ii., of a centre and a plane,’ is reduced to Sch. (6) if one 
figure is moved through half a complete revolution about the straight 
line through the centre normal to the ])lan^ as axis. 

Case iii., of two intersecting planes, is reduced to Casg ii. if one 
figure is moved throuj^h half a complete revolution about an axis 
normal to one of the planes. ' 


‘ Examples V. 

1. If a pair of planes or straight lines is symmetrical with 
respect to an external centi'c^, the planes or straight lines are 
parallel. 

2. Any pair of straight lines is in general symmetrical with 
respect to one centre only, exco[)t in one special case when 
the number of centres is infinite. , 

3. A pair of planes is symmetrical witli respect to an 
infinite system of points ; what special case arises ? 

4. ^Iwo skew straight lines are symmetrioixl with respect 
to an axis, wliich bisects at u’gfut angles the shortest line 
joining them, and is equally^ inclined to them. 

• 

5. Any pair, of straight lines is symmetrical with respect 
to either , of two oflier straight lines which citfc at right 
angles. » 

4 

6. If a pair of planes is symm^^trical with respect to afi 
axis which cuts either, the planes cut in a ‘straight line which 
meets the axis at riglit angles, oi* coincides with it; or the 
planes ‘rtiust be parallel to one another and to the axis of 

syn/metry. 

• 

7. Two straight lines wliich are symmetrical with resjjiect 
to a plane make equal angles witli it, and lie in a plane per- 
pendicular to it. . 
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^8. Any two co-plan:ir str:ii<,fbt lines *are, in general, sym- 
metrical with respect to either of two delinito ]ihMies; but in 
one special case an infiniW^ number of such planetiof symmetry 
exist. • 

9. Tf a plane is eqnalDi inclined to two siraii^bt lines, it 
is parallel to one of the straight lines bisecting tlio angles 
between them. 

10. ^ pai-allelepipcd can he uniquely divided into two 

symmetric parts* by a plane passing* through any given 
straight lino. , 

11. No Jigiire which has two centres of symmetry can 
consist of a limited number of points; any such figure is 

^Uiado up of points lying in pairs of ])arallel .st,raight lines. 

12. Any figure which lias two*])aj‘alhd planes (»f symmetry 
must consist of points lying in straight lines normal to those 
pianos. 

13. No figure, which has two planes of symmetry not 

inclined at somo commensurable fraction of a complete 
revolution, can consist of a limited number of points; any 
such figure must consist of points lying in.circles in parallel 
planes, and possesses an unlimited number of co-axial planes 
of symmetry. • 

14. If a figure has a pfaRo of symmetry, and an axis of 
^mmetry oblique to this pl.anc,nt is made up of points lying 
in pairs of eq^ual parallel circles. 

. 15. If a figure has in all n planes of nymmetry haTo 

a common join, to every point there correspond ^2n - 1) other 
■^points, and the common ijoin is an Jixis of symmetry when 
n is an even number. • 

16. If a figure has a centre and a piano of symmetry, the 
normal to the plane drawn through the centre is an a^s of 
symmetry. 

^17. If the angle BAG is bisected by AD, and any straight 
line PAQ is drawn perpendicular to AD, the angles BAP, 
CAQ are equal. 
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18. A) B £ir6 two i7U. UIIU £3U>X110 nxuc i/x 8/ plS/DO Aj 

A', B' are their symmetrical points with respect to this 
plane; if P‘is any point of the i)lane o, the sum of the 
distances AP, PB i^ least for the point in which AB', A'B 
meet the plane. , 

19. A, B are two points on opposite sides of a piano a, and 
A^ B' are symmetricjil points with irespect to this plane ; 
if P is any point of the plane a, the difference of' the dis- 
tances AP, PB is grhatost for the point in which AB', A'B 
meet the plane. 

20. If a system of points has two intersecting atres of sym- 
metry, corresponding sots of points lie on concentric spheres. 

21. With any six uneqivd straight lines as edges, any 
three of which can be ipjed to form a triangle, two sets of 
different tetrahedrons, fifteen in each set, can be constructed, 
and one set contains the symmetric figures of the other set. 



CHAPTER III 
POLYHEDRA , 

20. Trihedral Angles. Face Angles. 

* • 

Def. Three or more phyio angles AOB, BOC, COD . . . 
fleeting successively along OB, OC . . . OA, form a solid 
angle at O; the point O is thfc vertex, the straight lines 
OA, OB, OC . . . are the edges, anti the angles AOB, BOC, 
COA • • • are the face angles or sides. 



Def. A solid angle which has three face angles is a 
trihedral angle; one with four, five ... is tetrahedral, 
pentahedral, ... or, in all cases, simply polyhedral. ^ 


Def. A solid angle is convex if a plane can be drawn 
^ting its faces in a convex polygon. All other solid angles 
are reflex. 


45 
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^ 4 

As a plane can be dr.tvvn cutting; the faces of a convex 
trihedral angle in a triangle, each of its face angles must bo 
less than two right angles (Muc. i.‘ 17), and conversely any 
trihedral angle, the ‘face angles of which are each less than 
two riglit angles, is a convex soUd aaigle. A figure of a 
refiex trihedi-rd angle is given below. 



Scholium : A trilunlral angle ia convex if each of its face 
angles is loss than two right angles.' 

In what follows only convex solid angles will be con- 
sidered. 

*Prop. 19. in a convex Wlfedral angle any two face 
angles are together greater tlian the third. 

The proposition only requires proof wlieii this tliird face 
ap jia ii^jrj^pater than, either of tlie other two. 

Let O, BC be a trihedral solid angle and let COA be 
greater than either AOB or BOC. ’ ' 

From AOC let OD cut ojf an angle AOD equal to AOB 
and let'OD = OB. Let any straight lino through D meet 
OA,#OC in A, C rospectiv<*ly. 

The triangles OAB, OAD are congruent, [Euc. i. 4 

and therefore AB = AD. 


* Euc. xi. 20, 
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» 

Blit the sum of AB, BC is groater tluin tho sura of 
AD, DC; ^ fKiic. i. 20. 

and thorefore BC is greater th:m DC. 

» 

In the ti i:u!gles OBC, ODC 

OB = OD, OC is common and BC i.s gieater Ilian DC. 


b* 



Therefore BOC is greater tlian COD. * [Euc. i. 25. 

Hence the sum of AOB, BOC i.s greater than the silm of 
DAO, DOC, that is, than AQC. » 

21. The Congruence of Soli(> Angles. 

• • \% • 

. Def. Let* O, ABC ... be any solid angle^ ihL 

edges be produced backwards to form another solid angle 
®, A'B'C' . . . ; any sol>i angle wliich is congiaicnt with 
one of these is synftnetric * "bo the other. 

The supplement at tho end of the preceding chapter deals with the 
question of Symmolry (§ 19, p, 39). In ji.irl.icular, symratJi^y with 
respect to a plane is shown to imply symmetry with respect to a cvitre 
[Prop. 18, p. 41), and such symmetric iij^uros of a given figure a^e sh^wn 
b be congruent (Sch. p, 42). Tho above dofmition of symmetric solid 
is therefore in accordance with previous statements. 

* Legendre (1772 1833). Elements de (Jiomvlrie. Paris, 1794. 



elementary solid geometry 

Scholium : The face angles and dihedral angles of a selid 
angle are* respectively e(|ual to the corresponding angles 
ot any solid angle symmetric to it; but if two corresponding 


A' 



edges Ure superposed, the soli.l angles would lie on opposite 
sidC-s of the plane containing them. 

Prop. 20. If two trihedral angles have the three face 
angles of equal respectively to the three face an^ib.' 
of the they are congruent or symmetric. 
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AVVi?/ that 

AOB = AOB, BOC- B Q'C', CO A - C'O'A'. 

Let 0A = 0'A', aTid suppose the plavas ABC. A'B'C' 
normal to OA, O'A' respectively. 

Tho triangles O A B, O 'A' S' are congruent ; fEuc i 26 
whence OB = 0'B',AB = A'B'. i. 

SirniLarW the triangles*OAC, O'A'C' are congnu-nt, 

andOC = 0'C',AC = A'C'. ^ p ^^6 



Fig. 21. 


Soncotho triangles OBC, O'B'C' are con^mient,. 
gi*ngBC-B'C'. , 

Hence alro ‘he trilngles a6c, A'B'C' are congnunt, 
whence BAG = B'A'C'. [Euc,i. 8. 

so that O'A'B' coincides wi* 
OAB, BC cither coincides with BC (botli hing i,» th*e 
plane through A normal to OA) or is symmetric to it with 
regj|j»d to the plane OAB. 

The solid angles are therefore congruent or symmetric, 

D 
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Scholium (a) : Two trihedral angles are congruent or S(pm- 
metvic if they have the following parts of one equal to 
corresponding parts in the other : 

(i) throe face angles, ^ [Prop. 20, p. 48. 

(ii) two face angle.s and their included dihedral angle. 

(Superposition.) ^ 

(iii) two dihedral angles ami the face angle aMjacent to 
both. (Superposition.) ' 

C 

Two trihedral angles prc als») congruent, or symmetric; if they have 
three dihedral angles of one equal to three dihedral* angles of the 
other ; hut the proof is best postpon«rl. The propo.sition is proved in 
the supplement to Chapter IV., dc'almg with .spherical geometrv 
(Sch. (6), p. 97.) M 


22. The Prism. 


C 



Fig. 26 


Def. A prism is 
a solid bounded 
by two ends whijli 
are congruent, 
parallel, and simi- 
larly situated poly- 
gons, joined by 
sides which are 
the quadrilaterals 
formed by joining 
correyponding ver- 
tices of the two 
ends. • 

Scholium (b) : 
The lateral edges 
of a prism are all 
equal and parallel, 
and tho lateral 
faces are parajH^elo- 
grams. ' ' 
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iProp. 21. Sections of a prism by* parallel jplanes are 
congruent polygons. (Sf^e Fig. 25.) 

Let AA', BB\ CC' . . the lateral ^rlges of a prism, cut 
two parallel planes in points F, G, H . . . and F', G', H' . . . 
respectively. • 

The figure FGG'F' is a parallelogram, [Prop. 3, p. 8. 
and therefore FG = F'G'. [Luc. i. 34. 

Similarly GH -G'H'; and since FG,#GH are respectively 
parallel to F'G', Gf H', [Prop. 3, p. 8. 

we have FGH - F'G'H'. ' [Prop. 10, p. 23. 

Hence tl^e two polygons FGH . . ., F'G'H' . . . have 
their corresponding sides *and angles equal, and are there- 
fore congruent. 


Def. A parallelepiped is a prisfii of which the ends as 
well as the sides are 


parallelograms. 

Def. Parallel 
faces of a parallele- 
"^iped are opposite ; 
the faces opposite 
to the twofaces con- , 
taining any edge A 
cut in the opposite 
edge ; the faces op- 
posite to the three 
faces containing 
any vertex cut in the 
opposite vertex ; the 
Straight line join- 
ing opposite ver* 



FlCJ. ZR. 


tices is a diagonal. 


Scholium : The four diagonals of a parallelepiped are ^n- 
current and bisect one another. • 


For any two diagonals of a parallelepiped are diagonals of 
tiib parallelogram formed by joining the ends of a pair of 
opposite edges of the parallelepiped. 
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Examples VI. 

1 . Through any point of sparo tfiere passes one, and only 
one, plane which euls the hi, cos of a tetrahedral angle, pro- 
duced if necessary, in a parallelogr am. 

2. If two face angles of a triliedral solid angle are equal 

the opposite dihedral angles are equahand conversely. 

« 

3. If any point within a trihedral angl(j be joined to the 

vertex, the sum of thp angles which this straight line makes 
with the three edges lies between the sum and half the sum 
of the face angles. ' • 

f 

4. If a triliedral angle has one right dihedral angle, any 

plane normal to one of its# ‘edges cuts it in a right-angled 
triangle. * 

6. There are four, and only four^ straiglit linos which 
pass through the vertex of a trihedral angle and are equally 
inclined to its three faces. , ^ 

6. There are four, and only four, straight lines which pass 
through the vertex of a trihedral angle and are equally 
inclined to its three edges. 

7. The three* planes bisectin^^tho interior dihedral angles 

of a trihedral engle have a^straight line in common, as also 
the bisectors of ^ue inttsrior and the other two exteribr 
tmgles. • * • , 

8. In evety trihedral angle the planes drawn through the 

bisector of each face angle perpeijdicular to that face ha\^ 
a common join. • « 

9. I^’ovo that in a trihedral solid angle the face angle 
opposite* to the greater of two dihedral angles is greater than 
thil opjposite the le.ss and conversely. 

10. The sum of the angles formed by the edges of a tri- 
hedral angle with the opposite faces is less than the 8u^]^’l3‘^ , 
its face ‘angles. 



ELEMENTARY SOLID GEOMETRY 


53 


11. In every trihedral angle the plan<^s tlirougli each edge 

and the bisector of the oppo.site face angle liave ?i common 
join. • 

12. In every trihedral angle the pl.-ines through ('ach edge 
perpendicular to the oppo.silie facti h.i ve a common join, 

(Consider their traces on .a plane normal to one edge of 
the solid angle.) ^ 

13. Tf^n each face of a trihedi’al angle a str.aight lino is 
drawn perpendicul.ft- to the opposite edge, the three straight 
lines so drawn are parallel to a plane. * 

14. Two prisms are congruent if eithfcr 

(i) one end and twt/ adjacent sides, 

(ii) one end, an adjacent ^jde, and the dihedral angle 

between them, * * 

of one are congruent with the corresponding parts of the 
other and similarly placed. 

15. Classify the various forms .‘issumed by a plane section 
paralleli‘pi[)ed, supposing the plane of the section always 

to remain parallel to its initial position. 

16. In a rectangular parallelepiped the sum of the squares 

on three intersecting edges is equal to the square on a 
diagonal. ^ • 

17. A parallelepiped has a centre of symmetry at the point 
of intersection of its four diagonals.’ 

18. A rSctangulur parallelepiped pqgsessos thj'eo 

three planes, and one cenire of symmetry. • 

•19. A parallelepiped completely determine!! if it is 
known that three t)f its etiTges lie in three given straight 
lines, no two of which are co-planar. 

20. In any parallelepiped the sum of the squares on the 
four diagonals is equal to the sum of the squares pn fee 
twelve edges. 

®1. The straight line joining the centroids of any two 
sections of a triangular prism is parallel to its lateral edges. 
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22. The four difi*gonaIs of a quadrangular prism carvbe 

separated linto two pairs of mutually bisecting straight lines, 
such that the distance between fhe mid-points of the two 
pairs is equal to tluft between the mid-points of the diagonals 
of the end face. ^ 

23. The sum of the squares on the edges of a quadrangular 
prism exceeds the sum of the squares on the four diagonals 
by eight times the square of the straight line joining the mid- 
point of the two pairs of diagonals. ^ 

23/ The Tetrahedron. 

Def. A tetrahedron is a solid figure bounded by four 
plane faces. ^ 

Scholium : A tetrahedron has four triangular faces, si«' 
edges, each of which is^co^panar with all except one of the 
remaining edges, and four vertices. 

Def. Opposite edges of a tetrahedron are edges which do 
not meet. The six edges of a tetrahedron fall into three 
pairs of opposite edges. 

Prop. 22. The four mid-points of two pairs of opposi^;^ 
edges of a tetrajiedron form the vertices of a parallelogram 
with sides parallel to the two remaining edges. 



C Fig. 27. 

Let ABCD be a tetrahedron, and let E, F, G, H be ^ 
mid-points of 'BC, CA, AD, BD respectively. 
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because E, F arc the mid points of* BC, CA, the lines 
EF, AB are parallel, fEuc. vi. 2, 

♦ ^ - 

and similarly the linos GH, AB are paraUel, [Eur. vi. 2. 
whence the lines EF, GH -ve parallel. [Prop. 7, p. 12. 
In the same way it follows that 

• GF, EH, CD are all parallel, 
that is, EFGH is a parallelogram with its sides parallel to 

AB, CD. 

m • 

Def. The centroid of a triangle is the point common to 
^tH three medians ; it divhfes each in the ratio 1 : 2. 

Def. The straight line joining ai^y vertex of a tetrahedron 
to the centroid of the o[)posite face is a median of tlio tetra- 
hedron. 

Prop. 23. The four median lines meet in a point which 
i^vides each in the ratio*l : 3. (See Fig. 28, p. 56.) 

Let ABCD be a tetrahedron, and let E*be the mid-point* 
of BC. Let F, H divide ED, EA so that EF:FD = 
EH : HA = 1 : 2, and let DH, AF cut at G. 

H . 

In order to prove the four medians concurrent in G, it is 
sufficient to prove that AF ia ifl^ded at^ in the ratio 1 : 3 
by any one median H D. 

Join HF. 

In the similar triangle,s EFH, EDA — 

FH : DA= EF : ED = 1 : 3. [Euc. vi. 2, 4. 

Hence also in the similar triangles HFG, ADG-- * 

FG : GA = FH ; DA = 1 : 3. [Euc, vi.\ 4. 

The four medians have therefore a common point G divid- 
ing each in the ratio 1:3. 
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Def. The centroid of ;i, totrmhodron is tlio })oint comryon 
to tlio foiu' mcfliiiiis; it divide^ e:i,cli in tho r:itio 1 ; 

Scholium ' Tlu* nMilroid of ;i lotiMln'di on Llsocts each 
of the strjiijjjlil lim s' joinin^^ Ukj nii<l-]>oiuts of opposite edges. 

For denoting tiiese linns by p, q, r rosjx'ctivn'ly, any 
one, p sa), is cojd.inar with eaeli of tljci medians, and 
tliei’efoi'o cuts all foui. The medians are not co-pl^inar and 



C 


have one comm,'*' point* I lie centroid G; hence p, q,’r 
all pass thj'ongh G. « Hut p, q, r bisect one another (Hi op. 
2t;’, and are ti.ercd’ore bisected by G. 

Scholiuli* (h): Any tetrahedron may bo regarded as iiv 
scribed within a parallelepiped^* so thatv pairs of opposite 
edges of the tetrahedron are nou-paralhd diagonals of 
opposite^ faces of the parallelepiped. [See Fig. 29. 

TJhe circuiuscrihed parallel epijied is often of great use in 
proving theorems connected with the tetrahedron. 

Scholium (r) : if two pairs of opposite edges of a tctrahediw, 
are perpendicular, the third pair is also perpendicular. 
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(4iae either (i) The (li;«»:oiials of a recUn^de an' equal, and 
Ihop ‘J2, p. 1)1. 

» 

or (ii) A par.dlelo^o-arii wlios(> dia.^uials a.ro at 
li^dit anodes is a, I'lioinlui^, and Sch. (/;). 

ft 

Def. If A, B, C, D are an\ tom* points not all in the 
same plane, tliu straight lines AB, BC, CD. DA are said to 


A . 



be the sides, of a skew (or gauche) quadr, lateral* A BCD ; AC 
ayd BD are Oidled its diagonals. ^ 

Scholium: The sides of^ a skew quadrilateral, *togetl)i'r 
with the two diagonlls, foi m'the edges of a tetrahedron. 


24. The Pyramid. 

Def. A pyramid is a solid figure bounded by a polygonal 
jffaSe and triangular sides with a common vertex. 
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Prop. ^4. If the sides of a liyramid be cut by a ifiane 
parallel t^ its base, the section is a polygon similar to the 
base, and is of dii^ensions proportional to its distance from 
the vertex. 

• 

Let a pyramid OABCD liavo a piano section A^B'C'D' 
parallel to its base, and lot OH, tho normal to the base from 

the vertex, *’noet the 
0 * section in H'. 

Since tlm lines A'B", 
AB are pai’allel, 

^Prop. 3, p. 8. 

the triangles OA'B^, 
OAB are ecjuiangidar, 
[Pmc. i. 29. 

and 

A'B':AB-OA':OA. 

[Luc. vi. 4. 

Similarly, 

□ OA':OA = OH':OH, 

that is, 

A'B': AB = OH':OH. 

Similarly, 

. 'Fio..fo. B'C':BO-OH':OH, 

« 

and A'ft^, B'C' being respectively paralhd to AB, BC, 

A'B'C' = ABC, and so also for tlie othei angles. 

[Prop. 10, p. 23. 

Tfie* polygons A'B'C'D' . . ., ABCD . . . are therefore 
similar, and the dimensions of A'B'C'D' . . . are propor- 
tional to OH', the distiince from the vertex. 
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25. The, Pdlyhedron. 


■‘‘'Prop. 25. The sum of the face aifgles of a convex 
polyhedral angle is less tha;i four right angles. 

Let any solid vortex O, be cut by a {)l:ino in a 

convex polygon A BCD. .» 

Let K t)o any point 0 

within the polygon.* A 

The sum of the angles \ 

in the triangleo- OAB, * / / \ 

OBC, OCD ... is ♦ / ] \ 

to the sum of the / / A 

angb\s in the triangles ** / /- 

KAB, KBC, KCD . . . /: , / ^ 

[Luc. i. 32. /^v ' . ■/:///\ 

But since the solid / ^ 

angles at A, B, C . . . t 

a<ii«ll convex trihedrnl A/v\ \\\v'\v7_ ://///7/A 

angles, [Sch., p. 46. V ' v' iVky ‘ y": W//A D 

and the sum of any two ^ 7 ' W^'/ 

is greater than the thii d ; \ Y ' -v// 

[Prop. 19, p. 46. ^ Y 

it follows that the sum * C 

of the base -angles of tho I^kj. yi, • 

triangles OAB, OBC, • , ' * 

OCD ... is greater than the sum of the base jingles of 
tl» triangles KAB, KBC, KCD . . . 

Hence the sum of the remaining face angles at the vertex 
O is less than the sum of the angles at K, that is, less 
than four right angles. ^ 

Def. A regular solid angle is one which has all it's face 
angles equal and all its dihedral angles equal. 

• Euc. xi. 21 proves this theorem for a trihedral angle.t 
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Def. A polyheuron is a solid figure bounded by piane 
faces; cdliseciitivo fiiees cut in e^^ges, and consecutive edges 
in vertices of the polyhedron. 

Def. A convex polyhedron Is one whicli lies entirely on 
one side of the plane containing any face. 

' Def. A regular polyhedron is one which has all its faces 
regular and congruent, and all its solid angles regular and 
congruent. 


*Pr*op. 26. There cannot be more than five regulsCt 
convex polyhedra. 

A regular polyhedron is coiiiplof idy determined if m, 
the number of edges meeting in each solid angle, and n, 
the number of edges in each of the faces, are both 
known. * , , 

The values of m, n are restricted by the fact that the sum 
of the face angles of each solid angle must be less than four 
right angles. [Prop. 25. 

Since the lea.^ value <3f m is three, the largest face angle 
allowable is less t}?.i.n 120”. The faces must therefore be 
triallgles7 -squares, 6r pentagons. 

• - 

In the first case the only possible vaUes of m are 3, 4, 5 ; 
in the second and third cases the only possible value of 
m is ^3 

There are, therefore, not more than five regulai* convex 
polyhedra. 


Euc. ziii., the concluding Scholinm. 
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Regular polylioflra can be conskrufted in each of Ihn five ways 
indicated in the last pioposi1.ioi)| Card models may be tnatfe by Xpld- 
ing the following figures along the dotted lines and [daciii^ together 
points marked with the same letter. The small rectangular Haps are 
for gamming the edges together. 


(i) Tlie regular tetrahedron has three equilateral triangles 
meeting at eaoh_vertcx. four faces, an<l four veitices. 
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'(iii) The regular icosahotlron has live equil VIcral triangles meet- 
ing at CM(;h vcih*.v, twenty f.ieos, and twelve vertices. 
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Tln' logiil.ir solids jield :in iinportruit pliico in the early development 
of i/eoiiiftiy owiiiii^ to till* nivsln'jil sij^nilieanee wliicli was atfaohod to 
tliom. '1 Mcy Win* known to llie Pm ha^oican soliool (oOO R.r.), and 
weie latei assooialo-l w il li 1 lie iiaiiic of Plato (4l!')-o IS it.C.) by boirif^ 
railed “ Pl.itonie liodies” 'I'lic foi iiial deiiiorisl tal.ioii of I heir existence, 
I)} dc.'-.ci lioii^ l,]icii' ,u'l M.d eonsi I uv;1»'on, is piveii al iliceiidof the last 
book (mu.) ot the Elements ol Euclid (.i.iO 275 u C'.). 

^ f 

, Examples VII. 

1. There is one parallelepiped c.ircimiscribin^ a ‘^'iven tetra- 

hedi on ; show how it may he determined. 29, p. 57. 

2. Itvery ]iarailel(pijied has two inscribed tetrahedrons; 
show how when one is ^dveii the other may be determined,. 

3. (liven the }»ioje,vti<5ti by parallel lines of a tetrahedron, 
determine that of its circum.scrib(id parallelepiped. 

4. ()])]n)site edges of a regular tetrahedron are perpen- 
dicular. 

5. If AP is a normal to the face BCD of a regular..i^ra- 
b:/''*')n ABCD, the length of the normal drawn from P to 
each of tin* opposite faces is oiie-l.hird that of AP. 

6. Two tetrahedra are congruent if either 

(i) tliree faces, 

(ii) twoXaci's anil the dihedral angle between them, 

(iii) OIK' face, and three dihedral angles, 

or (i\ ) one edg'i. and four dihedral angles 

of one ave eongrnent with the corresponding parts of the 
other, and similarly jdaccd., , ’ 

7. At each vertex of a. tetrahedron in wliieh opposite edges 
are eipial, tlie Mini of the face angles is two right angles. 

f I 

8. If a telr.iliedron be such that each edge is equal to the 
opposite edge, all the angles of the faces are acute. 

9. Show how to fold a tria:ftgular ])ieee of paper so as tp 
form a tetraliedron in ^^hi(•ll iJie ojiposite ed^es are equal. 
Under what conditions is this possible ? 
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10. A totralirdron isniiiquoly detenu iiu'fl wlu'ii Uio lengths 
of the straiglit lines joinijiL' the tiiid-points of opji(>s*te (jdj^cs 
and the angles het\\aM‘n flieso llweo liiii's an^ kiKiwn. 

11. hliow that th(i shorti'st distanee hetvvi'eii 1 wo c)|)posite 
edges of a teti aliedi'on is pei pendieidar to eilhei’ of the 
straight lines joining the midpoints of the otlu'r pairs of 

opposite edges. 

% 

12. The six plane.s which bisect the dijiedral angles of a 
tetrahedron meet in it point. 

• 

13. l]jo normals dr.awn to the laces of a tetraliedi'on through 
the cenlres of .h., ^Lenmscrilx'd eircle.s aiv concurrent. 

• ^,4. Th(‘ six {)lanes drawn normally tliroiigh the mid points 
of 'iio I'dges of a given tetraliedroitjnec't in one poinl-. 

15. .1 lie three straiglit linos which join tin' mid-points of 
the two j)airs of op])osite sides, and of the p.air of diagonals 
of a skew quadrilatcjral, bisect one another. 

lb. If each edge of a tetyahedron be peipendieular to the 
oppv.. 'te edge, .show that : 

(i) The line joining any vertc'X lo the ortfiocentre of the 

op])Osite face is normal to that face. 

(ii) Tho lines drawm froi^ the vertices iMirnial to the 

opposite faces are concurrent. 

1<. In a tetrahedron in which op|,asito edj.,^s are perpen- 
dicular, tho !iurp of the dihedral angles iietween two faces, 
and the two rrigles which they in.ake wit^i that C'iSe \Vhich * 
cuts both, is twaj right angles, 

l5. In a tctraliedr ti in ^fhich ojiposito edges are perpen- 
dicular, the sum of tiie .six dihedral angles between the faces, 
and the twelve dihedral angles which the edges makp jvith 
those faces which tlioy cut, is twelve right angles, 

19. If in a tetrahedron ABCD the edges AB, CD be* per- 
pendicular, show that the normals from A and B to tho faces 
BCD, ACD intersect on the shortest straight line joining 

JVPandCD. • 
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[Hencp, if all tile opposite edges of a tetrahedron be per- 
pe»dicubir, the shortest straight ,Mnes joining them intersect 
in the same point as the normals from the vertices to the 
opposite faces.] 

20. In a tetmlicdi-on in which oppo>.ite edges are perpen- 
dicular, the sum of the squares of each pair of opposite edges 

the hame. • ^ 

21. If a plane c\its the sides AB, BC, CD, DA of a skew 
quadrilateral A BCD in points P, Q, R, S, then is 

PB *QC ‘ RD * SA" ' 

% 

22. If a straight line PR divides the opposite sides AB, CD 
of a skew quadrilateral, S'.)* that 

PA . ^ 

PB “ RC’ 

PR must intersect or be parallel to any other straight line 
QS which divides BC, DA, so tlvit 

QC _ .SD . 

QB“''SA’ 

23. If OA, OB, OC are three mutually perpendicular 
straight lines' and if the perptudicuhir to BC, drawn through 
A, meet the circle in the^plane ABC on BC as diameter in 
a point P, theik PB = GB, PC = OC. 

I 24.^ I^^nce, shovfbow a plane may be determined such that 
its sectio!., with three mutually perpcndiculaf* straight lines 
OA, OBt,’ OC, may be the vertices of a triangle congruent 
with a given triangle. . , « s 

25. If P, Q are the mid-points of AB, CD opposite edges 
of at-tfetrahedron, and any plane through PQ meets AC, BD 

R, S respectively, R, S divide AC, BD respectively in the 
ratio. 

26. AB is the shortest straight line between AC, BD, also 
AC, BD are of equal lenj^s. Show that the shortest 
straight line joining AB and uD bisects both, ^ 
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2T. If opposite edges of a tetrahedron a4‘e equal, the oppo- 
site pairs of edges are bisected by the shortest straight l^es 
joining them. 

28. Give a plane constmetion to find tlio length of the 
normal drawn from ono vertex of a tetralmdron to the oppo- 
site face, given the lengths of the six edges. 

29. Tw« pyramids are congruent if either 
(i) the base aad two lateral faces, * 

or (ii) the base and one lateral facd, and the dihedral 
an."]e between them • 

^ of one are congruent with ^he corresponding parts of the 
and similarly placed. 

•• 

30. The intersections of corresponding edges of the two end 
faces of a truncated prism or pyramid lie in one straight 
line. 

31. A regular totrahedroy has six planes of symmetry, but 
no c. '<tre or axis of symmetry. 

32. A regular tetrahedron may bo divided up into four 
regular tetrahedrons and a regular octohedron. 

33. OABC is a regular tetrjliicdron, and O' the middle 
point of the normal from O to thg face ABC. Prove that 
O'A, O'B, O'C are mutually perpendicular. , # 

34. There •are four pianos, each of whi^h cuts thg sqrface 
of a given cube, in a regular hexagon. 

SS. Two tetrahedrons ar^ similar 

(i) when they have a' dihedral angle of one equal to 

one angle of the other, and the faces contaming 
it similar and similarly situated to those of the 
other, ^ t 

(ii) when they have a fai a of one similar to a face of 

the other, and the^ihedral angles adjacent to it 
equal to the corre^ ponding angles of the other. 
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36. Two tctrah(^lrons arc similar ' 

(i^ if tlirco faces of one are*.siinilar, and similarly placed 
to thr^p faces of the other, 

(ii) if five dihedral angles of one are equal to the 
corj csponding angles of tlie other. 

37. If the centroids of the faces pf a given tetrahedron be 
""^Aied they form a new tetralu'dron which is simrilar to the 

symmetric figure of the given tetrahedron. 

38. A totrahcdroh is uniquely determined when its base 
and the distances of«‘the mid points of pai r^ of opposite edges * 
are known. 

♦ 

SUPPLEMENT. 

26. Euler's Theorem. 

Euler’s theorem* is a general theorem which states that 
in any polylicdron the sum of "the numbers of faces and 
J7^ices is greater by two than the number of edgesTpro- 
videcl tliat the }>olyhedron does not violate either of two 
restrictions. 

The restrictions may bo indrictated by saying that 
(i) no fac^must be rfng-shaped, 
and (ii) the .solid, a whole, must not be ring-shaped. 

Two typical examples of the figures to bb excluded are 
given opp osite. 

The first is formed by placing a sinaller box on the top 
of a larger one, the second is a rectangular fr.ime made of 
a mtHilding, of which the cross section is not a rectangle but 
^•trapezium. 

I 

We may denote the numbers of faces, vortices, and edges 
possessed by a polyhedron by the letters F, V, E respectively. 

• * Mimoiret dc ^f^rsbourg, 1758. * 
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For a simple rectangular block we should have 

F + V- E-G + 8-12 = 2, or F-}-V=-E + 2t 

For the polyhedron represented in tJie first of the two figures 
above we should have 


F + V-E-11 l-lfi-24-3; 



FiO. 43. 


and for that in the second of the two figures 
F + V-E = 16+lfi-32 = 0. 

The theorem may be proved by consideririg a model of ^he 
polyhedron, which is constructed by fastening together F 
polygonal faces, and supposing this model to be taken to 
pieces, face by face. ^ 
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At any stage in ^he process the edges and vertices in tiny 
face nuis#; ho either (i) in contact witli some other face or 
(ii)Hh»ce.^it is only when free ed^’cs oi* vertices are removed 
that the number oj edges or vei-ticoa belonging to the figure 
is affected. Two edges do not meet in a free vertex, unless 
both are free. * 

The first face has no free edges or vertices, and when it is 
removed the numbers of edges .and vertices are unchanged. 

^he second face may be chosen to have one free edge, and 
there are no free vertices as yet ; the •number of edges is 
therefore decreased ty one when this face is removed. 

The third and following faces may be chosen so that each •“ 
has at least one free edge. It is now assumed that at any 
stage of the removjil, until ordy one f.ace is left, (i) all the, 
free edges do not lie in any one face, (ii) the free edges 'm 
any f.ace which is to bo«rerhoved are all connected. We may 
combine these statements by saying that, in any face which is 
to bo removed, the free edges form an open string. 

The vertices at the two ends of this string are not free, 
and therefore the number of free edges is always one more 
than the number of free vertices. * ' ^ 

,,^Hence, in general, every time a face is removed the numbef 
of edges is reduced by one more than the number of vertices, 
and the excess of edges over vertices is therefore decreased 
by one each tiqfie any face, exc^t the first, is removed. 

But when only one face^is left the excess of edges over 
vertices has bec*^ r educed to zero. 

» The total number bf faces being denoted by F, it follows 
that the onginal excess of edges over vertices, that is, E - V, 
has been w-.duced by unity F - 2 times, and is then zero. ^ 

That is, E-V=F-2 and F + \i'-E = 2, or F + V=E + 2. 

In the case of the polyhedron in the first of the two figures 
on p. ? r an exceptional case occurs, supposing all the faces 
of fohe ^smaller box to have been already removed, when the 
first face is taken from the remainder. In this case the 
free edges lie all in one face, and we find that 

, E-V=F-3, orV + V-E = 3. * 

% 
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In the case of tlio polyhedron in the# second of the two 
figures on p. 71, supposing the faces forming the to]^ of 
the rectangular frame to oe removed first, an CAiTeptional 
case arises when the fourth of these f.icis is removed. . In 
this face the two free edges are not connected ; its removal 
therefore takes away two edges but leaves the number of 
vertices unchanged, and the excess of edges over vertices is 
decreased by two instead of one. Supposing the vertical 
faces next taken away, the same thing occurs a second tTme 
when the first of the faces at the bottom of the frame is 
removed. • 

Hence wo L.- ; ^ . E - V == F, * 
or F + V-E--0. 

The extension of this thcoreift* to^ other cases than the 
simple one discussed has been worked out by Listing. 

A simply connected surface is one in which any curve joining Two 
given points can always be continuously deformed into any other 
curve which joins them, without crossing the boundaries of that 
surface. , • 

Eu’<ir’s theorem is applicable to any solid figure the surface of which 
ft simply connected and which is composed of simply connected fqop,® .. 
(For constructing the surface face by face corresponds to continuousiy 
deforming a curve joining two points of one face through the bound- 
aries of all the faces in succession until it returns to its original 
position.) 

Scholium: In any polyhedron ki which m edges meet in 
<)acli vertex and in which there are edges i/T each face 

2E = Fn = Vm. 

For if we add the numbers of edges meeting in ^ch vertex 
or ^ying in each face, ^ch pdgo is counted twice. 

These equations may be written 

But, making use of Euler’s theorem, we have 
F+V-E; 2 
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whence the follDwii^i^ iablc is obtainod : — 



m 

Ti 

E 

F 

V 

Tetrahedron . 

3 

• 3 

6 

4 

4 

Cube 

3 

4 

1‘2 

6 

8 

Dodecahedi'on . 

.3 

f) 

30 

12 

20 

‘Y'^V^ht'dron 

4 

3* 

12 

8 

() 

Icosahedron . . . 

5 

3 

30 

• 

20 

12 


Two poly 1 1 L'fl ra :i 10 conjugate if the number of vertices in the one 
is equal to the number <,i faces iii the other. 


The tci.rahcdron is self-conjugate, the cube antf the^ octahedron are 
conjugate, and the dodecahedron aiidMie icosahedron are conjugate. 

Also the polyhedron whose verlicea arc the centres of the faces o^ a 
regular polyhedron is the (;onjtigate of that polyhedron. 

^ Examples VIII. 

1. The cornei-.s of a cube are cut off by planes passing 
through the mid-points of each set of tliree coterminous 
edge.s; determine F, V, E for the polyliodron so’formct^i^ 

fl. . the fa<u5s of a convex polyhedron are all triangular* 
the number of faces is even, and four less than twice the 
number of vertices. 

3. If tlio sdlid angles of a •onvex polyliodron aro all tri- 
hedral, the number of vei;tices is even, and four loss than 
twice the numW of fjico 4 \ 

4. The sum of aM the angles of all the fape^ of a convex 

polyhddro*ii, whose laces are all convex polygons, is double 
the sum o^. the angles of a piano convex polygon having the 
same number of vertices as the pq][yliei\roii. « 

5. Clas.sify all polyhedrons with five vertices according to 
the nature and number of tlicir faces, 

6. ^t is known that the sum of the plane angles at any 
v?rte38- of a convex polyhedron falls short of four right angles. 
Prove that the sum of the deficiencies, for all the vertices, is 
eight right angles. 

Verify this result for each oiV-he regular polyhedra. 
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t. Let the numbors of faces and vertidios of a i)ol}’hedron, 
each containing n edges, be ami Vn respectively; tlien 

2E = afg + 4f, + bfg + . . ^ 

= 3v^ -4-4V, + + . . . 

8. If at each of the V vertices of a polyliedron there are 
nrir faces each containing r edges, 

nrirV-rfr; 

with a similar notation 

nrF = rVr. 

^ 9. In any polyhedron thf^ number of faces each containing 

ua odd number of edges is even. 

• « 

10. In any polyhedron the numlfer of solid angles each 
with an odd number of face angles is even. 

11. Show that E is never less than -iJ F or ^V, whence in a 
convex polyhedron E is never greater than 3(F - 2). 

^ ICf'Sliow that 3fjj + 2f^ + L^ is never less tlmn (GF-2E), 
and therefcjre in a convex [)olyhedroii never less than *2, ut.I ^ 
similarly for ilVa + 2v^ + Vg. 

13. No polyhedron can bo formed which <loes not contain 
at least four triangular, quadrangular, or pentagonal faces, 
an;l at least four trihedral, tetr£«liedral, or pentahedral solid 
angles. ^ 

• • • 

^ 14. Show that in a convex polyhedroi* V is nevw lees thaA 
iF + 2, and never greater than 2(F - 2) ; aTid thaf F is never 
le/».than JV + 2, aiu^never greater than 2(V - 2)T 

15. Show that fj is never le.ss than 2(2 F - E), and Vg is 
never less than 2(2V - E) ; whence the number of faces and 
vertices together, each containing three edges, can neVer be 
less than eight. 

16. For any open sheet composed of simple polygonal 

faces, ^ 
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17 . If a convex p^ilyhedrori be divided into n smaller poSy- 
hedra, and F, V, E denote the numbers of faces, vertices, 
and edges, 

E + n + l = F + V. 

What is the relation between the number of faces, edges, and 
vertices within the given polyhedron ? 

' ' L?* If AA', BB', CC' are three equal mutually'' perpen- 
dicular axes bisecting one another at O, it is possible to 
construct a regular octohedron, tetrahedron, or cube, the 
faces of which shall meet the axes in the above-mentioned 
points, if at all. Ho'w many regular tetr'^hedrcns can be so 
constructed ? 



CHAPTER IV 

CURVED SURFAOf.S 

27. Surfaces of Revolution. 

Def, A surface revolution is one v^^ich can be generated 
by rotating a plane figure ajpout some straight lino in its plane 
aA axis. 


Def. The section of a surface of revolution by a plane 
containing its axis is a meridian section. Any meii d ^ ^u^ 
section may be regarded as a 
generating curve of the surface to A 

which it belongs. ^ /jl 

• De!. The section of a surface ^ 

of revolution by a plane normal 
to its axis is a right section. 


Scholium : The right section of 
a surface of revolution is a cirqje 
trd.ced out by the point in which 
the generj^ting curve meets the 
plane of the «ectioa 

J^ROP. 27. Two co-axial sur- 
faces of revoluticif intersect in- 




it-m 


For a curve of intersection is - \\\m ^ 

in this case generated by rotating 44 • 

a point of section of co-planar 

meridian curves of the two surfaces about the common 
axis ; it is therefore a circl/ in a plane normal to the axis 
with its centre on that axis^ 
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Def. A right circular cylinder is a solid figure formed "by 
rot^iting a*reet.auglo about ono sidij as axis ; the side parallel 
to the a'xis is a generator of tho curved surface, and the 
other two sides tr?.c 0 out planes forming tho ends of' the 
cylinder. 

Def. A right circular cone is a solid figure formed by 
j rotating a right-angled triangle about ono of tho sides con- 




taining the* right angle as axis ; the hypr^ennse is a gener^i^or 
of the curved surface, and tho lemaining side traces out a 
plane forming tlie base of tho cone. The generators all meet 
the axis in the vertex of the cone. 

* 

Def.' A sphere is a solid figure bounded by a surface, all 
points which are equidistant from its centre ; a diameter is 
any st|4ight line passing tbrou^'b the centre and terminated 

i__ XL 
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Scholium (a ) : A sphere is a surface of • evolution of which 
any diameter is an axis and of which any ineriJian sectiog is 
a circle. i 



Fig. 47. 


ScJiplium \h) : The section of any plane with a sphere is 
h circle. For the diameter normal to the plane is a common , 
axis of revolution for both, [Prop. 27, p. 77. 
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28. Tangent Line^ and Planes. 

Def, The tfingent to a curve. 

If A, B ho noiglihouriiig points on a carvcn, tho limiting 
position wliich is in general appi’oacborl by the chord AB as 
^ the point B approadies A is called the tangent at A^ 

Def. The tangent line to a surface. . 

Any straight line through a point on a surface is a tangent 
lino to the surface at tliat point if a tangent to any 
curve on the surface which passey througli that point. 

Def. The tangent plane* to a surface. 

- In general the locus of all the tangent lines through a 
given' point of a surface is a plane ; this plane is called the 
tangent plane at the point. 

Def. The normal to a surface at any point i^» the ^rmal 
to the tangent plane at that point. 

Paor. 28. The normal at any point of a sphere is the 
radius through that point. . 

Take any meridian section of a sphere through a point A 
on its surface. 

Tiiis seodon is a circle with its centre at O, the centre of 
the sphere^, ind tho tangent at A to this section is a str^ht 
line perpendicular to OA. . ' 

Put all such tangent lines lie in the plane normal to OA ; 
this jlia'ne is therefore the tangent plane at A and the radius 
Ov^ is the normal at A. 

Scholium : The tangent lines to a sphere from an external 
^'‘oint form a right circular coi\0. For tho straight line AO 
^y jimg'tho centre O to the external point A is an axis of 



ELEMENTARY SOLID GEOMETRY 


§1 


revolution, and any tangent lino throiigJi A is a tangent 
to the meridian section ccjntaining it; the locus ' sugh 


A 



tangent lines is therefore thft right circular cone formed 
by the revolution of either tangoAt, drawn from A to the 
meridian section, about OA as axis. 


Examples IX. 

1. ^Jfhere is always o^ie, and only one, sphere wlTfch passes 
through tho vertices oi a gi^ex tetrahedron. 

2. The locus of 'straight lines passing through a given 

point and making a given angle witli a given plane "is a 
right circular cone. * ^ f 

3. If any number of planes be drawn through a given 
point, tho locus of the orthog'#nal projections upon them of 
another point is a sphere. 
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4. If tho oppoFiU' of a iotrahcdron bo equal, its 

ci»’CumcPntro coineidos with tho point of intersection of the 
straight lines which join Ihe ii(iid-])oints of opposite edges. 

5. The locus of points in a ])l;ine which are such that a 
given segment of a normal to That plane subtends a given 
angle at each of thorn is a circle. 

'‘j. If tho opposite edges of a tetrahedron be perpendicular, 
their middle points lie on a sphere whieh also cuts opposite 
edges in tiio feet of tho shortest disUinces between them. 

7. Tho locus ofr points in a plane such that a given 
straight line (not in the plane) .^durends a right angle 
there is a circle. 

8. Tlie normals dr.*iwn 'through tho circum-centres of the 
faces of a tetrahedron meet in tho (*ircum-eentre of the 
’C5L-ahedron. 

9. Find the radius of the sphere which can be circum- 
scribed about the frustum of a circular cone in terms of the 
height of the frustum and the radii of its ends. •• 

Uh-mh‘^+r,‘^ + r,T^-4ri%^} 

10. The centre of a sphere which contains two circles in 
parallel pianos lies between the pianos if the square of the 
distance between the centres of the circles exceeds tho differ- 
ence of the snuares of toir radii. 

11. There are, in gonernl, 2^ sjiheres touching the four 
fil\ieS of. a. given teuahedron. What exceptions are there? 

12. Tiie radii of tho cii cuinscribed, escribed, and inscribed 
spheres of a regular tetrahedun atw in tho ratios : 2 : 1 
respectively. 

V3. The ratio of the radius of the inscribed sphere to an 
,’edg^ of a regular octahedron is 1 : *^6. 

14. Two spheres touch at P. Lines A PA', BPB', CPC' 
are drawn terminated by the. spheres. Prove that the pyra- 
mids ABC P, A'B'C'P are simjilar. 
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« 

15. Given any straiglit line at a distance p from tjie centre 
of a sphere of radius a, the i ingeiit plane containing iLniak.'CS 
an angle of sin“'p with the plane joining the given line to ^jhe 
centre. 

16. The locus of the mid-points of all straight lines of con- 

stant length which join two skew perpendicuhi.r straight lines 
is a circl^ with its ccntrft at the mid -point of tlie shor^pst 
straight lino joining them. • 

17. A fixed point O is joined to any .point P in a plane 
not containing O, and a point Q on OP is taken so that 
OP . OQ is constant.; Low that the locus of Q is a sphere. 

^ 18. If a continuous figure has two intersecting axes of 
S}^imetry inclined at an angle wlycli is an incommensurable 
fraction of a complete revolution, it is a figure of revolution 
about an axis tlirough the intersection of the two given axes 
normal to their piano, which is a plane.of symmetry. ^ ' 

19. If any straight lino through a fixed point 0 meet a 
given sphere jn points P, Q, the product of the lengths OP, 
OQ is -ionstant. 

20. determine the planes passing through a given straight 
lino which cut a given sphere in circles of given radius. 

21. The locus of the centres (jf all sections of*a given sphere 
by planes which pass through a given point is a sphere. 

22. The locus of the centres of all sections of a given 

sphere by phines which pass through aigiven straight line ^ 
is a circle. • . • ^ • mm • 

23. The three edges which meet in one vertex^f a tetra- 

hedi\#i are mutually ;ftTpejid^icular ; find the radius of the 
circumscribed sphere in terms of the lengths of these three 
edges. • [J(a2+ b^^+c^)*. 

24. If two spheres are insgribed in a riglit circular cone^ 
the plane of their intersection is equidistant from •theft* 
planes of contact with the cone. 

25. Find the radius of a spln!*e inscribed in a right circular 
^ne of height h and semi-ve:;tical angle 
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26. Tbc plants iliroii"li the curves of section, two 

two^ of three spheres have a (tAminon join ^\hieh is normal 

bo the plane containini^ the ct'ntres of Ihe tliree sp}>eres. 

27. The contlitions that a sphpre can b(? di awn thi'ough two 
f^iven cii(‘l«!S in intersecting planes are ilial. (1) the normals 
to the planes of th(^ clr(;h‘s l lirough their centres intersect, 
(2) the langonts di-awn to the two*'ciicles from any point on 
the join of their plines are e(pial. 

28. The locus of points in s])ac(» whoso distances from two 
given points are in a given ratio is a sphere. 

29. The locus of points such that t,ne sum of the squares of 
their distances from two given fioints is constant is a sphere: 

30. T’ho locus of the centres of spheres which cut two 
.^{^on .sphen\s in great circles is a ])hin{‘ normal to the 

straight line joining centres of the two given spheres. 

31. Define tlie surface which is the locus of points at which 
a given straight line subtends a constaiit angle, 

Def. The inverse of a figure, with respect to a given 
point O, is the locus of a point P' lying on the straight lino 
OP, where P is any point of the given figure and P' is 
chosen, so that' the product OP . OP' is constant. 

The point Q is called tHc centre of inversion. 

32. The inverse «f a sphere, with respect to qny point not 

' oU-'I-bi surface, is a iiphere. . ' 

33. The inverse of a sphen*, with ri'spect to any^noint 
on its surface, is a ])lane, wliiolf is liOriiial to the diameter 
through the centre of inversion. 

34. Corresponding small parts of a figure and its inverse 
fe'e approximately similar. 

Def. The stereographic projection of a figure drawn 
on a sphere is its inverse, with respect to a point on the 
8urfa6e of that sphere. 
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35. Tho stereogiM|jljic p’-oji'ction of circin oii^a, sphere 

is a circle. ^ 

36. The angle a(. which tAVo cnrve.s <ir.‘rwn on a spliere «ut 
is equal to tliat at whicli thi ir stcTcognqiliic prejoctioii.s cut. 

37. (liven .a great circle which is its own stereographie 
projectioii witli respect t(» a point O, :i.nil P' tlie projection 
of a point P, <leteijnine Q'', the pnjjccti^jn of Q, the anti- 
podal point of P. 

[Let Co be the radiu.s of the given ciicle at right anglas 
to CP\ then Q' is.tlu; point in CP' ])ro(liiced such that 
O'oP' is light angle.] 

3s. Civen a great circle whicli. is its own stereographie 
projection and the projections of P^ P.„ two points on the 
sphere, determine tho circle which i.s the ])i'ojection of the 
great (‘ircle through Pj P^. 

39. Given a great c.irclc^whiidi is hs own stereographie 
projection an?i the projection of a point P, determine tho 
ciiclo which is tlic projection of a .small circle of given radius 
having P as pole. 

[With the same notation as in Lx. 37, let oP' meet tho 
given circle in p, and mark otf points r, s, e<iiiidistant from 
p, on its circumference, so tliat rs»is equal to the diameter 
of the sm.ill circle in question. L’ CP meet or, os in 
tlie cji'clo on R'S' as di.imeter it the itiquired pro- 
jection.] 


SU PPLEiM ENT. 

29. The Geometry of the Sphere ; Definitions aftd 
Postulates. 

Def. Any plane passing through the centre of a sphere 
cuts it in a great circle ; any*otlier plane cuts the sphere 

hi a small circle. • 
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The great circle ia the fundamentjil line on a spherical 
strfac^, corresponding to tho r straight lino on a plane 
surface. 

Def. 1. Tiio distance betweep two points measured on the 
sphere is the length of the shorter of the two portions into 
which they divide the great circle which contains them. 

j.n what follows it will be taken for granted that the 
“ distance ” between any two points oii a sphere is measured 
on the surface unless the contrary is stated. 

Def. 2. The angle between two circles is the angle 
between the tangent lines totthe great circles at a point 
common to both. * *“ 

Scholium : I'he measure of the angle between two great 
circles is equal to that of the 
dihedral angle between their 
planes. [Sch., p. 32. 

r * ' . 

For a tangent lij?'' to a 

spherical surface is at right 
angles to the radius through 
the point of contiict, and if 
,two great circles cut at A their 
planes cut along the radius OA. 

Def. 3. The unit of length 
for distances m^^sured on a 
sphere SS such tha*l the measure of a complete great circle 
is 2ir. 

But 27r is the circular measure of the angle subtended by 
the circumference at the centre. Th6 unit of length ia 
thel'cfore that arc of a great circle which is equal in length 
V) tlp0 radius of the sphere. 

Def. 4. The antipodal point of a given point on a sphere is 
the opposite extremity of the'* diameter which passes through 
that ^oint. *' 
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Def. The antipodal figure of a given Jigiirc' is that com- 
posed of the antipodal points of all points which that given 
figure contains. 

Def. A spherical triangle is the figure formed by Ihe 
shorter arcs of the great circles whieli join any tliree points 
on the sphere ; the given points are the vertices of the 
triangl^and the arcs joii^ng them are its sides. 

k 

Scholium: A spherical iriangle is the intersection with 
the sphere of a trilTedral solid 
angle which has its vortex at 
the centre ; the measures of the 
sides of the splierical triai^le 
equal to the circular 
measures of the face-angles of 
the trihedral solid angle, and 
the measures of the angles of 
the spherical triuitgle are equal 
to those of the dihedral angles 
of the trihe<Jfal solid angl% 

As defined above, each side 
of the spherical triangle must 
be less than two quadrants,* and therefore the correspond- 
ing trihedral solid angle must be convex. ^ [Sch., p. 46. 

The postulates on which we Jsaso the geometry of the 
sphere are a selection of four laws which ir.ay be shown to 
contain all .others. They themselves \§iiy be.referrcd back 
to the geiforal laws of space, but thejfc contain «n 11 US 
wanted for the geometry of the sphere, and, i* we take 
thtJi as our starting-point, it will bo uimecesSS’ry to con- 
sider any figures which *df> not 'all lie in the spherical 
surface which wt^ are considering. On the one hand the 
analogy between the geomelries of plane and is^herical 
surfaces is thus made more •evident, and, on the other hand, 
when we have obtained the results we require, tihere* is 
nothing to prevent their translation from expression in 

* A quadrant is an arc which is one quarter of a great circle, and 
therefore suMends a right ingle at the centre. 
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terms of splioriciil, triaiijflos to expression in terms of tri- 
hQ^iral sojid angles or otlior convenient forms. 

Post. 1. Portions of the same s[)heric{il surface may be 
superposed. [Sell, (a), p. 79. 

\Ci>. the principle of superpojsitioii in plane geometry.] 



Fig. 53. 



Fig. 54. 


Post. 2. (Ircat circles which <!ontain a given point con- 
tain its antipodal point also, but have no other points in 
common. [Def., p. 86. 

[Cp. Post. 2, p. 4.] 

Post. 3. If point is at tK'^ distance of a quadrant from 
two points of a great circle, one of which is not the anti- 
podal point of the othei; it is at the distance of a quadrant 
from all points upon^it. [Prop. 11, p. 24. 

‘ * *■ 

' P5st. Two siefes of a spherical triangle are together 
greater tha the third. fPeop. 19, p 46. 

[Op. iiluc. i. 20.] 


30. .The Geometry of the Sphere : Pole and Polar. 

"•Def.** Any point and great circle, such that the point 
is at the distance of a quadrant from each point of the 
great circle, are called pole Sand polar of the other re-, 
spectiv.ely. 
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Scholium (a) : Every point has one pohir and only one. 

For tho locus of points ; t the distance of a qiiiidr;uiL fioni 
a given point is tho ])olar of that point. [Post. 3. 

Scholium (b ) ; If the polar of A passes throngli B, tin) polar 
of B passes through A. 

For the condition tliat either statement should bo true is 
that tho arc AB should Ub a quadrant. 4 

Scholium (r) : An^' great circle has two and only two poles, 
each the antipodal point of tho 
other. 

For a great circle is deteiipiined 
du two points A, B upon it,(rost. 

2j, and any pole of the groji^L 
circle AB must lie on each of the 
polars of A and B (Sch. h), which 
cut in two and only two jxdes, 
each the antipodal point of tho 
other. , [Post. 2. 

The conjugate relation between 
pole ainl polar is vitiated by this 
fact — that each polar has two poles, whilst each pole has 
only one polar. 

This limitation m.ay bo remoj^ed if wo add tho idea of 
dillsction to that of the great circle. We may then make 
each pole Cjf a great circle correspond ^o one*of two direc- 
tions in thfl great circle. 

It is convenient to denote the direction by ^'lo order of 
namThg the points wnich «d%termiwe the great circle ; thus 
the poles of a gr^at circle AB will be associated with 
and BA respectively. It is usual to associate witjji AB 
that polo which lies on owr left-hand * side as we wa^ 
along the shorter arc AB, outside the sphere, from* A Co- 
wards B. 

* This is chosen iu cortormity with the conventions in a right- 
* handed system of co-ordinate axes. * 
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In the previous figure (p. 89) P is tlio pole of AB, P' that 

oLBA. 

The conjugate relation between pole and polar becomes 
peifectly definite if we make this distinction. 

Def. The positive direction round a splu-iical triangle is 
such that the area always lies on tlio loft-liaiid side of a 
person who walks round the boundary in that direction. 

As soon as the idea of direcfion of a segment of a line is 
introduced, our arithmetical ideas of addi-tion and subtraction 
must be generalised into algebraic ones. 

Scholium : Considwing only points whicli lie on the same * 
hemisphere, it is easy to verify that^a^^li'i cases 

AB-AC + CB, . • 

where A, B, C are points on one half of a great cii’cle, and 
AB, AC, CB denote the distances between the points named, 
reckc.’^ed positive or negativo according as the directions 
indicated, are the same as, or opposite to, the standard direc- 
tion along that line. The restriction to one half of a great 
circle is in accordance with Def. I, p. 86. " 

♦Prop. 29. The distance between two points is equal 
to the distance between their 
antipodal points. 

iet P', Q' be the antipodal 
i-points of P and Q respectively. 

From Postulates 1, 2 (p. 88), it 
follows that the complete great, 
circle PQ is bisected by the pair 
of points P, P', and also by 

Q, 9'* " 

Hence ^ 

^ ^ fig. 66. PQ+QP' = QP+PQ'; 

whence, taking away QP' from each side, 

PQ= KQ'. r 

* A direct proof follows from the'^act tl^t the diameters PP', QQ*. 
cat in the centre 0. 
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♦Prop. 30. The measure of the angle ^between two great 
circles is equal to that of the corresponding intdrcept on 
the polar of their points of intersection. 

Let the great circles meet at P, and leo llie .ires prodiitod 
from P meet tlio polar of P in 
points A and B. 

SincOithe arc AB msif' be sub- 
divided into any number of equal 
parts all subtendinj^ equal angles 
at P, the measure of the arc is 
proportional to tluit of the angle. 

But the measure oi a complete 
re volution is the same for both, 
and therefore the measures aro 
equal in all cases. ^ 

Def. A lune is the portion of the 
spherical surface intercepted between \w() half great circles. 

fScholiui^: Vertically cg:)posite angles are equal, the two 

angles of a lune are 
equal, and an qngle is 
equal to its antipodal 
angle. 

Let *tho antipodal 
figure of a lune ABA'C 
^ be the lune A'B'AC'. 

• 

It the polMf of j^naiis 
through the *oints B, 
C, B', C', fPom the last 
' proposition we know that 
the angles in question 
have their measures 
equal to that of 6C or 
B'C', and are therefwe 
equal. [Prop. 29, p. 90. 

• A direct proof follow from the fact that the tangents to great 
circles at P are respectivc\/ parallel to the radii OA, OB. • 

+ A direci^ proof follo\i 3 from the fact that the tangents at A, A' to 
the two great circles are respectively parallel • 
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♦Pitop. 31. The measure of the angle between two great 
ci,vcles is equal to that of the dirtance between their poles. 

Let great circles AB, AC have jioles P, Q and meet the 
great circle PQ in points P', Q' 
rosj/ectivcly, such lhat tlui quad- 
ranUl triangles A P'P, AQ'Q are 
each named in the positive 
direction. 

Hence, Q'Q = P'P, and we may 
choose the letters so that PQ, 
Q'Q hav/ same sense, ensur- 
ing that Q'PQ are in one semi- 
circle. But since PQ is less than 
‘two quadrants, PQ' is less than 
'’one quadrant, and Q' lies in the 
semi-circle of wliich P- is the mid- 
point, Hence, P'Q'PMie in one semi-circle, and therefore 

[Sch., p. 90. 

Q'P + PQ=-.Q'Q=F]J=P'Q' + Q'P. _ 

Taking away Q'P, PQ= (^', 

that is PQ = BAG. [Prop. 30. 

31. The Greometry of the Sphere ; the Polar 
Triangle. 

Def. The polar triangle of a given triangle has the poles 
of the sides of the first tiiangle for its vertices, each side 
behi^' in the pbsiiive direction round the' triangle. f 

^ [Def., p. 90. 

Scholium : If A' be the pole of RC, i^his being the positive 
direction round a triangle ABC,. A' is on the same side of 
B6 that A is ; that is, 

AA^ is less than a quadrant. 

' A c’irect proof follows from the fact thnt the dihedral angle 
between two planes has the same mcasare as the angle between their 
normals. [Sch., p. 32. 

t The choice has been so made that theUriaugle and its polar are> 
container] in one hemisphere. 


A 
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This restriction is necessary in order jLf) ni.ike the polar 
trianglo a definite tiling, lor ei_i,dit (2x2x2) I l•i.l^’l;J;les cjyi 
bo formed with poles of the aides of the j^dven triangle as 
vertices. , 

Prop. 32. If A'B'C' is the polar triiwigle of BAG, ABC 
is the polar triangle of A'B'C'. 

For ttie pole of lies on the pohns of B' and C' 

(Sch. (6), p. 89), and therefore 
is at one of tho ])oifita of section 
of CA, AB. Jhit tlio poles A', 

B', C' havo all been so (diosen 
that AA', BB', CC' are eaeji less 
ihsn a (piadrant. That is, A and 
A^aro on tho same side of *B'C'i, 
and therofoie, in going round 
A'B'C' in the positive direction, 
tho poles of the sides aro the poir»ts 
A, B, C. This is, tliereforo, the 
polar triangl^ of A'B'C', if 
is the lar triangle of ABC. i'lo. <*0. 

Prof. 33. If a, b, c, A, B, C he used to denote the 
measures of the sides and angles of a spherical triangle 
ABC, and a', b', c', A', B', C' those of th^ corresponding 
sides and angles of the polaf triangle A' B' C', then 

a + A' = a' + X - TT, 
b + B' = b' + B 
c + C' = c' + C = TT. • 

Proposition 31 ^t is proved that tho m»_«;ure of the 
angle between the positive (iirections C'A^ A'B' is equal to 
that of tho distaace BC. But this angle is tho exterior 
angle of the triangle A'B'C", and is tlu'ieforc suj[^ilfmen- 
tary to the angle A'. • 

That is, a + A' = IT. 

Since ABC is also the polar* triangle of A'B'C', the other 
equations follow in prec sely the same way. 
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We conclude tli.'it any pi operty relating to the sides and 
angles of a triangle ri'iiiains true when for each side and 
angle we substitute the supplenieub of the corresponding 
angle or side. 


32. The Geometry of the Sphere ; the Congruence 
of Triangles. 

Th'n congruence of s]>]iorical triangles has in reality, I hough not in 
name, been fliscussed in Ihe section dealing uilli the congiuence of 
trihodial solid angles (p. 47). The 
delinitioii there given of the solid 
angle symnietric with respect to a 
given .‘v.»iid angle is equivalent to 
the \le^biition which follows below. 
l'\)r if two spherical triangles A B<G, 
A'B'C' aie antipodal, the trihedral 
angles OABC, OA'B'C' have their 
corresponding edges contiiiuoiis. 

Def. Two tritingles are sym- 
metric if either is congruent 
with tho antipodal triangle of 
tlio other. 

Fig. (>1. Since two symmetric solid 

angles are not congiuent, the 
coiTGspondiiig Xjdiericiil triangles are not congruent either 
— in spite of tho fact that the antipodal pairs of sides 
and angles are separately congruent (Prop. 29, p. 90 ; Sch., 
p. 91). The vea.son,,is to bo found in the fact that if we go 
two triaij^les, taking tho letters in tl.eir alpha- 
betical order, the tw’o directions will be found to bo opposite 
to one anofner, exactly as was found previously in tho,pase 
of two solid angle.s. 

Def Parts of two triangles are only said to completely 
correspond when they can be taken in oidcr round the 
tranglgs in tho same direction. 

Scholium : Two triangles which ha^^o all tho parts of one 
equal to the parts of the other taken^ round in the opposite 
direction are symmetric. 
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Spherical geometry flilh'rs from plane g<‘omotry in this respect,’ 
liectiut-e, in tlic lallcr, two Inai’tjle.s wilh their parls lespecl ively cfiual, 
hut not taken round tlie triaiiLdos in the same diree-tioii, cai* he siipy- 
posed hy turning oviu one oC llu* two triangles ami j)laeing it flpon the 
other. But if a spheiical triangle he tiirneil over, it can no longer be 
made to lie on the same spherical surlace as before. * 



The following propositions are (lividml into two pnrts, such 
that each is obtiiine<l from the other hy replacing the parts 
of the triangles concerned by the corresponding parts of the 
polar triangles. The enunciations are generally such that 
eacii is obtained from the other iV substituting “sides" for 
“angles," and “angles” for “sides.' 

• . 

Prop. 34. Two triangles are congruent iU they have 
lomiRetely correspondtng paj-ts equal as follows : — 

(i) Two sides and adjacent | (ii) Two angles qnd ad< 
ingle. ^ I jacent side. 

The proof follows in^each ^ase by superiiosition ; in the 
ii'st case as in Euc. i. 4* in the second as in Euc. i. 26. 
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*Puop. 35. If in any triangle 
• (i) two side.s are eaual, ; * (ii) two angles are equal, 
then the angles opposite to j then the sides opposite to 
them are equal ; ’ | them are equal. 



Let ABC bo any' trianglo, and A'B'C' its antipodal 
triangle. 


(i) If AB-AC, 

we hiiv>> 

A'B'--AB'--AC = A'C' 

[IVop. 29, p. 90. 

and BAG B'A'C'. 

[Scb., p. O'!. 

Hence thtf triangle ABC 
has* t>»\i »r:Vdea and un angle 
adjacent tq both equal to 
completely corn'sponding 
parts of A'C'B', and the two 
are congruent-. [Prop. 34. 
WhcKce 

‘‘'.ABO-A'C'B' = ACB. 

[Sell., p. 91. 


‘(n) If ABC -AC?.? 

wo have 

A'B'C' = ABC = ACB- 
A'C'B' [Sch., p. 91. 

and BC=B'C'. 

[Prop. 29, p. *90. 

Hence the tiii|jngl 0 ABC 
has two angles and a side 
adjacent to both, equal to 
coTupletely corresponlling 
parts of A'C'B', and the two 
triangles are congruent. 

[Prop. 34. 

WIkvico AB-A'C'-AC. 

[Pro]). 29, p. 90. 


Cp. Euc. i. 5, 
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Scholium (a): If 0 is a point on tlio s^Ikto equidistant 
from the points A, B, C, tl.e tiianjrUs OBC, OCA, OAB* 
may be transposed so j^s to j^ivo tlie iinti''':d‘)l Iriangle of 
ABC by addition or sulitraction. 

For if 0^ A', B^ C' be tlie pt)int‘^ antipodal to O, A, B, C 
respectively, the triangle QBC, ludiig is(jscele.s, congruent 
witli O'C^B', and siinilarl} lor the other trijiinglps. 

♦Piior. 36. Two triangles •'re congruent, if they have 
file following completely corresponding parts equal:-— 

(if three sides. i (i^;^ three angles. 

The proof of tlio first case follows by tli<i Metliod of Ex- 
haustion exactly us in Eiic. i. 7, H, or b> H'-o of the syinmfJtric 
triangle of one, us in (he more usuul pi oof of Kuc. i. M ; that 
of the second can also be ob|.ained indcpi'iideully, tliough it 
is simpler to lei) the proof depend on that of the first case. 

For if two triangles have the angles of one eipial to the 
corresponding angles of the other, their polar triangles aro 
congruent by the first case, wIkmico the given triangles are 
also congruent. 

Scholium {h\: It may be observed that Wie bccOik^ part of 
this .propositifin ‘ is equivalent to the statement tn-t 'Tlvo 
trihedral solid angles aro congruent if tliey l^<ve their 
corresp aiding dihedral aAgle.s^ e^ual. 

Def. A supplem'ental triangle has a pair of ./sides 
supplementary and the pair of angles opposite to th&m 
supplementary. * » 

* Cp. Prop. 20, p. 48. Tbc^secoia' proposition is uiitiue in plane 
geometry. 


a 
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Piiop 37. A triangle is supplemental if it has either 
(i) a pair of sides supple- ‘ or (ii) a pair of angles sup* 
mentary ; ' plementary. 



Ijift ABC denote the triangle, 
(i) Ji 0 t AB, AC he sup- 
plementary and let A, A' bo 
antipodal points. The tri- 
anghs ABC, A'CB are con- 
gruent by the proce<Ung pro- 
po.sition, since AB + BA = 

AC + CA' -AB 1 AC = ir. 
Whence 

AB -=CA', AC=B,A'. 

Hence the angles at B and 
C are .supplementary. 


♦Piiop. 38. 

(i) The side of a triangle 
opposite to the greater of 
two angles is greater than 
that opposite to the less. 


(ii) Let the angles at B, C 
be supplementary and let 
A, A' be antipodal points. 
The triangles ABC, A'CB are 
congruent by the preceding 
proposition, since the angles 
at A and A' are equal, 

[Sch., p. 91. 
and ACB -f A'CB = ABC + 
A'BC-ACB-i-ABC=ir. 

Whence ’ • 

ABC -A'CB, ACB = A'BC. 

lifence the sides AB, AC 
are supplementary. 

(ii) The angle of a triangle 
oiDosite to the greater of 
tw .0 sides is greater than 
that opposite to the less. 


* Cp. Kuo. i. 19, 18, where the order is reversed, and Ex. 9, p. 52.' 
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(i) For in tlio irian^lo ABC 
let the at C la* greaj^er 
than th an^lo at B. If the 
srat^le BCD be equal to ABC, 
CD falls within the triaiif^le 
and cuts AD in some inter- 
nal point D. The angles at 
B and C in the triangle 
BCD arc equal and therefore 
BD--CD,, [Pi op. 35, p. 9G. 
• 

But CD, DA are together 
greater than CA. ^ 

[Post. 4, p. 

• 

Ilence BA, the sum of BD, 
DA, is greater than CA. 


(li) For in I lie triangle 
ABC let th(} side BA be 
greatei* tlian CA. Lot the 
angle BCD be e(Mial to 
the. angle ABC, so that the 
angle ACB is greater or less 
than ABC, :«f cording as CD 
falls insiile or outside 'the 
t.riangle. 

But (!^D canriot^fj ^l ou tside 
tlio tri.jugh', for tlieh AB is 
the ditt’ereneo between BD, 
DA, that is between CD, 
DA (since the triangle 
is isosceles by Pi^)p. 35, 
p. 96), which is less than CA 
(Post. 4, p. 88), contrary *^0 
hypothesis. That i.s, the 
anirlo ACB is greater thaij 
ABC. 
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Prop. 39. 

(i) The sum of the sides (ii) The sum of the angles 
of a spherical triangle is of a spherical triangle is 
lessf than a great circle. greater than two right angles. 
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(i) Let ABC bo any (ii)'(l'ho sum of the sides 
triangle and lot A, A bo of the polar tiiiingle of ABC, 
antipodal points. is less tluin a great c'-.clo. 

Then BC is less than the That is, 

sum of BA', A'C. ,r- A+ t- B + 7r-C<2jr, 

[l^st. 4, p. 88. 

Hence the perimeter is angles A, B, C is greater 
less thiin the sum of AB, than two right angles.' 

BA', A'Cj^CA; thdu is, is 
Ihss thau .4*great cinAe. 

o 

33. The Tangent Plane to ^ gurface of Revolution. 

- P/op. 40. The normal at any point, to a surface of 
revoli^tion is the normal to the meridian section through 
t^at point. 

% ^ k 

* The first statement is equivalent to Elc. xi. 21 or Prop. 25, p. 69. 
They were given in the present form aloi^ witli the preceding pro 
positions by Menelaus of AlexanVlria in his work on Spherical^ 
(reometry (ctrea 98 A.U.). 
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Let the normal to ilio meridian seelfon tlirou<^h A meet 
the axis in O. Let B bo a point, which appi o.iclies A aloiTg 
some CJirve drawn on the surface, and jet A' be the pjint 
corresponding to A on tlu) meridian section containing B, so 
that OA' is a normal to the meiaMian secrfiion tlirough A'B. 

The triangle OAA' is isosceles, an<l therefore as the angle 
AOA' flecrea-ses the anffles at A, A' each a])[n each nought 
angle; that is, the limit ai)proached by the angle between 
OA', A' A is a right angle. 



Again, smce OA' is the normal at A', flie limit airprbached 
by the angle between OA', A'B is a right angle# 

But the limiting position 'approacbe<l by OA' is the linfi_^ 
OA, and therefore? til 0 limiting position approacliec^ b^the 
plane AA'B is the plane through A normal to OA. 

That is, the limiting position approached by the chord 
AB, which is the tangent at A* to an aibitrary curve through 
A, lies in the plane drawn through A normal to OA ; OA i« 
therefore the normal at A to the surface. * 
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ExampleSfiX. 

Any side of splicrical polygon is less than the sum 
of the otlic]‘8. 

t • 

2. If P be any point within a spliorieal triangle ABC, BA, 
AC nr(^ together greater than BP, PC. 

• « 

3. If P bo any point within a spherical triangle ABC, the 
sum of tho disbinces AP, BP, CP is less than the whole and 
greater than half the perimeter of the triangle. 

4. The sum of tho sides of any^ponvox spherical polygon 
is less than a complete great cirtflor 

6. The sum of the angl(j%of a convex spherical polygon »of 
n sides lies between 2n and (2n - 4) right angles. 

*6.^The bisectors of the angles of a spherical triangle 
are concurrent. 

7. The three perpendiculars the sides of a triangle 
drawn through their re.spective mid-points arc conpj^Tent. 

« , 

8. If one angle of a triangle be equal to tho sum of the 
other two, tho centre of tho circumscribing (small) circle 
bisects the greatest side. 

•» 

9. The bisector of the vertical .angle of an isosceles spheri- 
cal triangle bisects the Ijipse at right angles. 

. spherica\ triangle be supplemental,, one median 

bisects^Tlio vorticaf angle and is a quadrant.' * 

11. If the bi.SGctor of an angle of {^spherical triangle be a 

quadrant the triangle is supph/iuCntal. * 

- VMr, 

12. If one median of a spheric.al triangle bo a quadrant 
^he triangle is supplemental. 

* 13. If DE bo an arc of a great bird o bisecting tho sides 
AB, AC of a spherical triangle at D^and E, P a pole of DE, 
the angle BPC is equal to twice the angle DPE. 

* Mcnelaus, c. 98 A.D. 
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14. If in a quadrilateral one diagonal is ('(jually inclined 
to both pairs of opposite sides, the opposifo sides nre equal. 

15. If the opposite sirles of a quadrilateral are equal, its 

diagonals bisect one another. • • 

16. If in two spherical triangles AB9, A'B'C', AB, BC 

are equal to A'B', B'C' respectively, and the angle ABC is 
greater.than the angle tlie third side AC is greater 

than A'C'. ’ • • 

17. If in two sp}jeric.al triangles ABC, A' B'C', AB, BC 
^ are equal to A'B', B'C' re.spectively, and tlu! angles at A, A' 

are equal, the angles at C, C' are equal*or siipplemeniary. 

18. If in two spherical triangles ABC, A' B'C' the angles 
a£ B and C arc respectively equal to the angles at B' anti C', 
and the sides AC, A'C' are also* equal, the sides AB, A'B' 
are cither equal or supplementary. (Contrast Euc. i. 26.) 

19. The diagonals of an equilateml quadrilaterifl bisect 
one another at right angles. 

20. n .A^'c ' be the po*lar triangle of a triangle ABC and 
D be the midpoint of the side BC, the polar tiiangles of the 
triangles ABD, ACD can be formed by drawing the external 
bisector of the angle at A' to meet the base B'C' in points 

P and Q. • 

21. The theorems concerning^ spherical triangle and its 
polar triangle may be extended to ;iny convex polygon. 

22. In any spherical triangle, the s'des of whic h ar e less 
than quadrants, the exterior angle is greater thaiV mtlier of 
the^ntcrior and oppogite angles. (Compare Bf.c. i. 1C.) 

23. The sum of two alines of a sphoiieal triangle, is < 
greater or less tlft,n two right angles according as thtf-stmi 
of the opposite sides is greater or less than two quadrants. 

24. If a quadrilate ’al be inscribed in a (small) oircledCffe 
sum of one pair of opposite angles is equal to the sum of the 
other pair. * 


Leiell, 1782. 
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26. If tho opposite sides of a qundrilateral are equal, their 

intersections lie orf tho pobn* of the point of section of the 
rvvo diaj'onals. ' 

£6. If tho haso*of a triauf^lo bo "ivon, and the sum of the 
base angles exceeds the tliird Vy a given amount, the locus 
of tho vertex is a (small) circle passing through the extremi- 
ties of tho base. 

t 

27. The great cikcle whicli is a feingent to a small circle at 
any point is at jiglit angles to tlic radhfs at tliat point. 

28. Tho two tangents drawn from any point on a sphere 

to a small cii cle are equal. ^ 

29. If a quadrilateral eircu.TTiseribo a small circle, the sum 
of one pair of opposite sidv¥ is equal to the sum of the other 
pair. 

30. J[f A, A' are anti})odal points, and the small circle 
inscribed in a triangle A'BC touches A'B at P, AP is one- 
half tho perimeter of the triangle ABC. 

31. Tf s denote the semi-perimeter of a give .;*-^rianglp, 
and a, b, C the lengths of its sides, the lengths of the tan- 
gents drawn to the inscribed circles from the vertices are 
(s - a), (s - b),^/s - c) respectively. 

32. Tho three vertices of a spherical triangle are at the 
same distance (measured on tho sphere) from any groat 
circle which jj)ins tlnj mid-points of two of its sides. 

■ 33.*T1^ pole of tiio great circle joining tile *mid-point8 
of two sidcs^nf a spherical triangle is equidistant from the 
extremities of the third side. , * « 

The great circle which joins the mid-points of two 
sides ,of'' a .spherical triangle cuts the third side in points 
^ich are at a distance of a quadrant from the mid-point of 
thh tbii^d side. 



PART IT 

MEKSUliAriON^ 

CHAPTER V 

MEASURKf^KNT TN n*ENERAL 

34. The MeasureiD^t of Len^h. 

The process of measuring a straight lino consists of two 
stages ; 

(i) subdivision into equal parts, 

(ii) counting those equal parts. 

•The subdivision may bo either: 

(i) of tlio straight lino to bo measured, 

(ii) of the standard unit in tonus of ivliich it is to be 

expressed, 
or(iii) of both. 

Tho cquql parts into which tho*^Iinr« are s^^bdividod will 
bp called ftleJmentary units, to distingui.^li thoi?i the 

standard units, such as the foot or centimetre. 

concrete examples o^ the above consider measureme nts 
of .3 in., J in., and^^ hi. respectively. In the lir.st case. Hi #r 
given lino is subdivided into three equal parts, each ,elemen- 
tary unit being 1 in. ; in tho second case the standard unit 
is divided into two eqi^il parts, each elementary unit be»g 
J in. ; and in the third ca.se the standard unit is divided into 
three and the given lino into* two equal parts, each clcmen- 
"tary unit being 1 in. 

iai 
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But tho longth of a straight lino can only be expressed 
with pcrfrofc uuin(Tical accuracy wjicii both it and tho standard 
unit arc inuKiph's of some cotnmon elementary unit, and in 
ge]Qer:il this is not,! ho case. 

In gen(U‘nl the process of nioa?.nring consists in choosing as 
elementary unit some sub-niullijdc of the standard length, say 
•01 in. and taking that multiple which lies nearest; to the 
givefi line as the lyieasuvo of its length, sa} .‘176 hundredths 
= 3 70 in. The smaller the olemenbiry unit, the more 
accurate is tho measurement. 

» . • 

For practical applications, t.herefore, it is only necessary to 

consider such lengths as can be (♦xpressiMl by vulgar fractions 
(including decimals); that is,»all. measured lengths are covi- 
mensurable. 

In order to make perfectly general all theorems which 
concerfr measiirements, incommensurable lengths must also 
be considered. But, though now definitions of addition, 
multiplication, an<l division are ivquired for siv-h numbers, 
tho definitions can be so framed in terms of the Jrthrespon^d- 
ing definitions for commensurable numbers that exactly the 
same laws hold for both. 

Jn all cases, ‘therefore, it is» sufficient to deal with lengths 
as though they were comijiensurable ; the extension to in- 
commensurable lengths liaving been nuxde once for all. 

It shoul d Ve noted that anv iiidetcrminatenoss abouh tlVi lonu:lh of a 
given sTtfright line i.s only due to the difficuKy of doternu’ning aYid 
expre.saing it j.ritluneficnlly ; its actual length is, of course, perfectly 
definite even when it i.s incapable of exaol> numerical representation 
fvi''?. when in(u)nimen.siiral)lej. ” 

If tke line to be measuriHl i.s curved instead of straight, 
the common notion of its “ length ” is bjised on tho idea of a 
'Tiypothetical inelastic string which A’an be superposed upon 
the curve and then straightened out into a straiglit line. 
The numerical measure of ^he straight line so found is 
regarded as tho length of the curve. 
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But this notion .'ulds a conco})t.ion whid^ it is not easy to 
weld together willi onr ol) v geometrical ideas, and tlio^ 
necessity for colierencn compels ns to seek a (Udinition of the 
length of a curv(’d line in some other forint • 

The form in wliieli we must frame this df'finition is that of 
a limit. Further, the definition pri‘Sup])oses a, tln'orcmi,* the 
proof of which belongs to th^’t Jiitcgi-.-il ( Jalculus, Tliis I heormn 
must now he intro?luced as a postulate. 'rii 4 )iiLrh at first si^ht 
it may appear cumbrtAis and dillicult, it is n ally notliing but 
the exact statement of a tacit a.ssumption which we make 
^very time that we estimate the K-ngth o^a road drawn on a 
map, and treat successive piall portions of it as if they were 
stiuight, adding them up by means of a ruler or the straight 
ed^o of a sheet of paper. * 



For wo assume that tho smaller the successive portions 
into which we divide the curved line, tiie moiie accuiatewill 
our estimate of its length become. • 

• 

The postulate may bo stated, for alj curves here considered, 
a;? follows ^ • • 

Post. Tf a number of points bo ta^m on aii'y^iich’ 
curve and joined coii'^ecutively by straight linw, the peri- 
moter^of the open polygoius(j formed aj)pr<iaches a dofinit(3 
limit when the number of points is inci-eased and tlio distaneff' “ 
between every pair of consecutive ]Miints is dccreageff in- 
definitely ; further, if an open polygon be formed by drawing 
the tangents at the ahf»»n3 p*oiTitR, its perimeter appr«ach()p^ 
the same limit as that of the inscribed polygon. 

• 

* A proof in the special case of the circle is given in Lamb’s 

Infinitesimal Calculus” (Art. 4). • 
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Def. TIui limit. wliiHi is iippm-icliod by tlio perimeter of 
the above open polygon is (li'fin.'Ml as the length of the curve. 

It may bo obs(*rvcfl that the length of a curved line, just 
liko that of a straight line, cannot be determined with 
perfect accuracy day nieasiiroment ; it is only by calculation 
that th(' length of an (idi'al) cui‘ve can be determined exactly. 
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Lot 0, 0' bo th*, centres of any two circles v’hatever, and 
lot'-'TV-B,*^ C be vertices of a polygon inscribed within -the 
first circle,, Draw O'A', O B', O'C' . . . parallel to OA, 
OB, OC . respectively. * 

Tn the tiiangles OAB, O'A'B', 

O'A' - O'B', OA = OB, 

OA OB ^ 

and the angles A'O'B', AO^are equal. 

The triangles are therefore similar. [Euc. vi. 
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A'B' O' A' 

Hence . ^ ^ , and simil;irly for all Uio other Hide.s of 

AB OA * * 

the two pol\trons. 'L’lierefore tin* ratio of Ihoir perimeters 
is equal to that of the radii O' A', OA. 

Hut whf'ii th(^ sid(^s of tlie J‘..st. ])oly^on : 4 r(‘ all ih'en'ased 
indefinit(‘h’, these pei'imol.ers a ppro.ieli <lelimle limits, whioh 
are the oireuuiferences of tlit^ two cireh's 

.*■••• 

That is, the eireumfereiioes are in the s»me t.itio as nie 
radii, whieli is the saim^ thim^ jis sa.yin<^ that, the ratio of the 
circumference to the railius is t;(»nstaiit. 

Def. Tlio constant ratio d(‘(iiied above cannot be (‘xpressed 
niue.erically \\ith exactitude; ?,hat is, it is imiomim'nsurable 
Jt is.denoted In 2ir, and the vahn of ir is ajiproximately 

;! I4I5:) . 

Approximations to the value (»f ir can be, found by caleu- 
latiug the peiimelers of inscribed and eifeumseribtal n'^ular 
polygons containing 2” or 3x2” si<les. Aiehimedes (287- 
212 in Ifis e.ssay on the Measure of llu^ Circle, by 

considering polygons of 00( -3 a 2'') side.-', showed tluit the 
value of TT lies between 3 Jr and 31','. 


35. The Measurexient of Area! 


When state that the aie.i of* a. geoim iiical figure ia 
356 square millimetres it is iinplieo* th:^ , nh'ally at any 
ratGj the figute eould bo subdivided into nieces wUch 
put together again would make 356 actual sipiares, the side 
of eacl^ being one iiiillijnetre. So in all cas»‘s fhe funda- 
mental idea of the area of -ji •figure -imidies subdivision i^ 
exactly the same wo^' as doe.s the idea of the length o^ ;• 
straight line. Hut with re-spect to the actual .subdivi>vm in 
practice, there is a difference. , ft is not in p-neral possi1)le 
to subdivide ta geometrica* figure into a, didlnite number of* 
portions which can be fitted together again into sfju.i.re units 
of area. But in thought the mirnf pa.sses on to t he limit which 
approached by the approximate .subdivi.'^ion into .^'quar,es. 
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The proof of tho existence of such a limit is not simple 
enough* to be included here, a^d an additional postulate is 
therefore required. It is convenient to approach this limit 
hy a readily applicable method ; one in which an approximate 
me<asure of the area of a given figure is found by supposing 
it to be drawn fipon squareil paper. It is impossible to 
find the nearest whole number of elementiiry units of area 
contained in tho given figure, because the smaller the size 
of ‘‘the square uint the more incomplete squares will be con- 
tained in tho figure. The postulate states that the total 



increases, and that therefore the total number of complete 
squares gives' an approximate measure of the required area. 
In the accompanying illustration the incomplete squares are 
shaded for two sets of squares, the linear dimensions of one 
set being double fhosd of the other set. The smaller set of 
inco mp lete squares have the portions inside t;hfc(,figure doubly 
shao^, and the external portions unshaded to distinguish 
them frorar the larger set. 

Post. If any plane -figure- be divided into a number of 
eq’ial squares by two systems of parallel straight lines the 
total area * of tho incomplete squares included within the 
figure can be made as small ;is we please, and that of the 
‘com^)leto squares appro.aches a definite limit as their number 
increases and their size diminishes. 

* Tt is assumed that these squares are snbmultiples of the 8tand|^i4 
unit. I 
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Def. The limit which is a})j)roachc(.l the area of tlio 
complete squares cucIoslh^ witliiu tlio ^nven when 

their size is diminished is tiie area of that 

' m 

The chief application of the preceding postulate is indi- 
cated by the first of the following scholiuit^s : — 

Scholyim (a): An apjn-oximate measure of the ai-oa re- 
quired can also be obtaified by counting all th(‘, complete 
squares within the figure and as many of the incomplete 
squares as is convenient ; and any such approximate measure 
approaches the area required as its limit.^ 

For the importance of tlie incomplete squares taken all 
together can be made as sijial' as we please by increasing 
their number. 

Scholium (b) : The area of a parallelogram is measured by 
the product . 

(length of base) x (height). 

Divide parallelogram into small squares which lie in 
rows parallel to the base. 

An approximate measure of the area is ol)tamod by multi- 
plying together the number of complete iimts in the base 
and the number of complete fows contained by the height 
of tbo parallelogram. The limit ;/^)proac}>od by this measure 
' when the unit is decreased is 

(length of base) x (heigltt). 

Scholium (c) : The afea of the orthogonal projection of a 
plane figure of area S on a plane whicli is inclined to it«iM« 
an angle 6 is equal*to S cos $. 

Divide the area into sjrip^ by straight lines perpendicular^ 
to the join of the two planes. The projection of each stidp 
is of the same width as the strip, the art^a of the strip is 
therefore diminished in the rafio of the lengths of the strips, 

I which is, by definition, equal to cos But if the area of 
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each strip is diininislieil Ly prtijoction in the same ratio, the 
whole artia is (liriiinishcd in that ratio, 

lint tliero is an aUernativo method of dealinp^ with the 
arctas of ])la,nB figures, and it is the method adopted in 
Euclid’s l^'ileiuents.. In this treatment no explicit deiinition 
of area is ^dven, hut it is assumed that 

(i) cviay ti«^Miie has a delli^itc area and congruent 

figures 'h.avo tlio same area.; 

(ii) if equal areas bo added to or subtracted from equal 

areas the resulting figures are of equal area^ 
(though hot necessarily congruent) ; 

(iii) figures whose areas aih the sauio submultiple of 
equal .ireas are of ecpial area (e.y, the halves of 
figures of equat'lirea are equal). 

By using these pi’inciples a square or rectangle may be 
found wpial in area to any plane rectilinear ligure. The 
method may be extended to curvilinear figures by moans of 
the followijig postulate. •) 

*Post. The area of a polygon inscribed or circumscribed 
to a closed curve approaches the nr(‘a of the curve as a limit, 
when all the sides ar(i diminished iudellnitoly. 

•r 

•j- Puol’. 2. The area of a Circle is measured by the pro- 
duct Tt (radius)-. 

Let A,B,G . . . V-e the points of contact of the sides 
PQ, Oa. . . of a , polygon circumscribed to c'lrcle who.so 
centre is at 0. The area, of the polygon is the sum of the 
areas of the’^tii angles OPQ, OQR * . . and is tluy efore 
po”-\l to ...» 

i OA.PQ 4 J OB.QRl 
• ” .OA(PQ-f-QR+ . . .) 

= J (radius) (perimeter of polygon). 

* This postulalu is not iiidcpond* at of previous assumptions, and is 
therefore capable of proof. 

t Euc xii. 2 show,'} that the ratio area :(radius)‘ is constant. 
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When the length of each side dimiiiiahes, lliU approaclies 
the delinite limit * 



(radius) (rircunifcTCiifo of circle) [Post.,^. 107. 

wliich is equal to tt (ladius)- [ |)ef., p. 109. 

36. The Measureinent of Volume. 

f 

The iTieasurcment of volume imy’ 1)0 trc'ated in exactly 
the same w^ay as the moasiirement of %rca, ex<*('pt that we 
imaf,diie oiA- ii^ure drawn in a cubed space itu^lea/’^yf oir 
squared paper. 

Pofl%. If a solid figifrc l^e /lividcd into a lar;^n> number of 
cubes by tliroe sets of paralhd planes, tin? total volunie''^ 
of the incomplete cubes included within the eivcn firque can 
be made .as small as we please, ami that of the complete 
cubes approaches a delinfte rtmit .as their Tiumber infreas^s*"^ 
and their size diminishes. 

• It is assumc'l tliJit tln hc cubejf .arc sulmniltijjlos of the standard 
unit. 
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Def. Tlifi liniil apjnoiichod by tbc volume of the com* 
^)lete cubes ouclosod within thp given figure, when their 
size is diminisheil, is tlu' volume of that figure. 

IScholium (a): An approximate measure of the volume 
required can also be obtained by counting all the complete 
cubes, and as many of the incomplete cubes as is con- 
venient, and any sucdi approximate measure approaches the 
required volume as a limit. 

The ])receding definitions may be applied directly to prove 
a general theorem concerning similar figures. 

Def. Similar figures are such that all distances between* 
points in one figure bear a coiVwJiant ratio to the distances 
between the corresponding poiqts of the other figure a^d 
that all corresponding angl«>s are equal. 

The existence of such figures may be shown to depend on Euc. vi. 4. 
And on Prop. 20, p. is, since any polyhedron may be decomposed first 
into pyMinid.s and then ilito tctiahedrons. 

Scholium (h) : The surface areas and volumes of similar 
figures vary ro.spectivoly as the square and cube of their 
linear dimensions. 

If, when 1he linear dimensions of a figure are altered, the 
elementary unit of length bo altered in the same ratio, the 
surface area and volume of the figure are measured by the 
same number as before. 

13ut the (.'lomentjyY Lnits of area .and volume have been 
alte^^qd^ respectively in the ratios of the square\^and cube of 
the ralio of the linear dimensions of the two figures. 

Hence the surface area and vol mie of similar , figures' 
'..asured in terms of a stand.ard unit are respectively prq^ 
port: anal to the square and cube of its lii.ear dimensions. 

Examples XT. 

1. The edges of a rectangular box arr.anged in descendi 
order of magnitude are a, b, ^ respectively ; find the shortest 
distance over the sides of the box from one corner to the 



ELEMENTARY SOLID GEOMETRY 


15 


opposite corner, and the inclinal.ion of this path to the longest 
edges of the box. 

2. The roof of a rectangular building, the base of which 

has dimensions 82' by 10', has four faces, eacli inclined to*the 
horizontal at an angle of ; find thi^ lengths of the five 
edges along which the faces join and their inclinations to the 
verticaj. [10, 131), 04° 44'. 

3. A room has dimensions 30, 12, and 12 ft. ; a spicier on 
tho vertical medial •line of oiui end-wall, and 3 ft. from the 
ceiling, wishes to re.ach a. fly on tlie oppr).site end, 3 ft. from 

* the ground and 0 ft. from either side-w«ll ; find tlie shortest 
path along walls or ceilir.g, [41*78 ft. 

• 4. AVhat angle does a diagonal of a cube make iiyth any 
face? •• [35” 16'. 

5. Find the dihedral angles of a regular tetrahedron, and 

also the length of tho normal from a yevtex to oj)posite face, 
in terms of tho length of the edge. [70° 3^' ; *816, 

6. The tftmonsions of •a room are 21, 30, and 10 ft. 

respectively'; find the inclination to tho horizontal of any 
diagonal, and the angles which the vertical plane ccftitaining 
it makes with the walls. [15“ 16'; 35”, 05". 

7. A roof makes an angl(,> of 20° with tlTe horizontal, and 
one of its edges makes an angle of 30 with its horizobtal 
edge ; what angle does that edge make with tho horizontal ? 

. • . ^ [9*61'. 

8. The dimensions of a room are 2 ^, 20, ancf 12^.; find 
the magnitude and position of the shortest^ straight line 
joining a diagonal to Either of the edges of the ceiling which 
it does not intersect. * * [10*8, 10*3 ft. ; tho diagoHr.-^ 

• divided in the ratios •lr3, *36. 

9. A pyramid stands symmetrically upon a squarfl base, 
and the inclination of the faces to the base of tlie ^yrasaiff 
is 24°. Prove that the angle which an edge makes with the 
base is 17° 30', and that thtf face angles at the vei-tex are 
84° 60'. 



IW f elemextarV solid geometry 


10. Show that n, square may bo fol(le<l so as to form a 
tetrahedron wiMi l!iirpe concurro^t edges midiially pcrpen- 
Aicular. Calculate the least dihedral angle between its faces 
an^ also the sinallust plane angle, of any face. 

[cos -1 = 1 ban "H - 26° 34'. 

11. Find the dihedral angle between two cousocntive faces 

:)f a regular octahedron, and .also the length of a diagonal in 
berm* of the length «»f a side, ^ * [100° 28'; J2. 

fl 

12. Find the dilu*dral angle between construtive faces of 

a regiilaj* dodeeahedron, [63° 24'. 

* 13. If two regular .solids aroi^m jugate, the ratio of the 
radius, of tin* eireumseribed sph(*re to that of tho inscribe 
sphere is the same for bothiif 

14. A plane makes (*qual angles with two vertical walls 
which at idght angle's ; show that if it is inclined to the 
vertical at an angle c, the lines of section with the walls are 
inclined to tho vertical at an anglo whose tangeid- is 

f tan a. 

15. Tho traces of a straight line on two perpendicular 
pianos are A and B , if A', B' be tlie orthogonal projections 
of A, B on tho join of theso pianos, and 

AA'^- a,)rB B' = b, A' B' = c, 
show ‘ AB = (a“ + b“ s- C“)i, 

and that the* tangent s of the angles ;nado by AB with the 
_^o.planes and their join are re.^pi'ctively 

b a (a‘-+’b“)i 

(a2 + C“)i' (b'-^ + c^* ^ c ■ 

* This proposition includes I’loposilions 2, 4 of the first of two 

books on Ihi' Regular whiok liave been appended to Euclid's 

Elements, and wliicli arc now attributed to Hypsicles of Alexandria , 
(c*rott 600 A.D. ?). 
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16. The traces of a plain* on two at li^/jit aii^^les 

make angles a, fi whh lln ji'in ; show th:it tlio tangents of 
the angles whieli tin* pla.ie inahes with I lie two perpc'inliciilar 
planes are rospeeti\ ely • 

1 in a tan fi * 

sin /3 sill a 

17. AB, BC •are hoi-f/on1al lines ile’jotii.g the tofis of 
two walls of a hons<' uliieh interseet at li^lit .iiigh's, and 
the slopes of the roof wliicli meet llu* walls in AB, BC are 

Jnelined to the vertical at angles a, show tliat if BD, 
the line of intersection o? thesi* tw'o slo[ies, makes an angle 6 
a ith the vertical, * 

tan -6 -- tan ta n jS 

18. ABCD is a tetrahedron, and the thri'e faces meeting 
in D are equal isosceles triangles of vejt.ical angle 2a^; prove 
that the angle between tw’o isosceles faces is (“(pial to 

• 2 siif ‘ (i sec a). 

19. Three edges of a tetralnslion mei'ting at O hlVvu the 
same length a, and make equal angles a with one another; 
prove that the distance of O from the opposite face is 

I 1- 2 (VS a\ 

% / 

20. Tf CM, OB, OC are three miifendly pefper.4icular 

straight lines, and O' is the orthogonal pr<ij»'ction of O on 
the pl;^io ABC, the ar*a.s of the triangh.'S AO'^ BOA, ABC 
are in geometric progressioTi. * • 

21. The sum of the areas of three faces of a tetrahedron 
is greater than the area of the fourth face. 

22. Calculate the angh'S made by the radii marking tSe 
hours in a sundial (i) when t}#e face is liorizontal, (ii) when 
the face is vertical and looks south. 

I [tan (f)n = (ij t>in I tan (ii) cos I t^n \mr. 
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23. Thp piano, p^ssinj' throuf^h the' mid-points of a pair of 
epposite cd<;cs of a totrahedron, for which the area of its 
section is a minimum, is paiallel to tlio shortest distance 
between one of tin* otlier pairs of opposite (‘ilges. 

, . I See Ex. 24, p. 30. 

24. Determine tlie plane parallel to two opposite edges of 
a tetrahedron wliich cuts it, so that the area of its se,ction is 
a ma’ximum. NJi* — x(a -x) is a fnaximuiA when x = Ja. 

25. Tlie minimum area intercepted by a sphere of radius a 
on a plane wliicli passes through a point within the sphere 
at a distance d from* its centre is 7r(a“ - d”). 

26. The area intercepted between two concentric spheres 

is constant for all planes whi^h cat both. ^ 

27. If two planes intersect at right angles in a given 
straight line, the sum of the areas intercepted on them by 
a giveii^sphere is constant. 

28. Show that if the areas of sections of two fixed 
spheres by a jdane are in the same ratio a s *the areas of 
section? through the two centres, this plane cuts the line -of 
centres in one of two fixed j)oints. 

29. Determine the lengths of the edges of a rectangular 
parallelepiped, knowing that Eiey are pioportional to a, b, C, 
and that its volume is V. « 

30. ABC [S' A'B'CVD' i*s a parallelepiped, any point is taken 

in th^ dijfgonal AG', and three planes drawn • through it 
parallel respcjctivelv to the three faces meeting in A. Prove 
that each cul’s off an equal volume. ^ 

' i}l. Determine a plane which, drawn parallel to the base 
of a" triangular pyramid, shall divide the volume in the 
ratio' m : n. 

■k t , 

Zl. Determine a plane drawn parallel to the base of a 
given tetrahedron to cut off tetrahedron whose total area 
, is half that of the given tetrahedron ; what is the volume of 
the new tetrahedron ? 
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33. Provo geomotiically, from tho voluTnc of a cuIm', that 

if a and b bo wIioUj nninb rs • 

(a + bf - a-^ -I- + 3ab ’ 4- b*, 

(a - b)^ a^ - 3a“b + 3a b ’ bl 

34. (livo a plaiu* consti notion to (Uioriiuno a straight 
line, whoso latio to a givon straight lijui is oqual to that of 
tho voljimos of two oiibos, tho edg(‘s of whioli aro known. 

• * 

Scholium: Tf A, B, C are any thrcM* ])oints in space, the 
algebraic sum of tho projections of AB, BC is o(pial to tho 
•projection on that lino of AC; if A, &, C, D aiv any fom* 
points, tlie algebraic the projia-tions of AB, BC, CD 

equal to tho projection of AD- ^ 

35. Being given tho orthogoit:fl projections of a, straight 
line on three mutually perjunulicular mkc'--, fiml its [)roje(:tion 
on auotlier straight line which makes given angles with tho 
three axes. 

36. The *iiiglo botweei^ two straight lines which make 

angles a, /?, y, y' re.spectively with throe mutually 
perpendicular sixes is • 

cos (cos a cos a + cos jS cos fi' + <50S y cos y'). 

37. The s(piure on a straight liiH‘ is cfjuTil to the sum of 
the .squares on its orthogonal projections u|)nn three mutually 
perpendicular axes. 

38. The*sum of tho squares of tho%o,-,iii('S^of the angles 

which a s*traight line makes with tln^ie mntinilly ^erpeii- 
dicular axes is unity. , 

39TThe sum of tho .squm-es of, the cosines of the angles 
made by any plai^p with three mutually perpendicular plan^ 
is unity. ^ 

40. If A, A' are the .^reas of two figures in the saiqo planc^ 
and P, P', Q, Q', R, R' are their projections on three mutufilly 
perpendicular planes, , 

A.A'-P.P' + Q-Q'+R.R'. 
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41. The square of any plane area is equal to the sum of the 
squares of tlie areifs of its projec/^ious upon throe mutually 
perpendicular plaues. 

In the follow iiii^ (‘xainplos b, c and A, B, C denote 
either tin* face an'jLiles :ind diliedral :vii«^l(^s of a trihedral 
solid anf^lo, or the sidi's and anodes of the. spherical triangle 
formed by its intersection with sphere of unit ^radius, 
having its vertex ar, centi e. 

42. If C = 00% cos c = cos a . cos b. 

43. What is the el-ror in calculating, as if it were flat, the**" 

hypotenuse of a right-angh*d tri.Mgle witli two equal sides, 
each 5,0 miles long, drawn on jdie surtace of the earth, taking 
the earth’s radius to be 401*0 miles? [2 yards. 

44. If C 00% tan A ^ t;in a /sin b. 

46. Ilf C = 90% sin A sin a/sin c. 



OJIAI’TEK VI 

THE. Pill AXI) (’YLINl)KH 

37. The Lateral* Area of a Prism or Cylinder. 

^Def. A right prism is oiu* m ulncli llu* l.ih i'.il ar« 
normal to il.s cmkIs; an oVJVlue prism is oik* in whicli tho 
lii^^o'al edi'es aro not normal to its oiuls, 

Def. A right section of a pri^fti is a .''cctioii by a piano 
which is normal to its lateral edgoS. 

Pjior. 3. The lateral area of a prism is measured l5y 
(perimeter of right section) x (length of lateral edge). 

• • (Son Ei^^ 74, p. 122.) 

Let ABC . . . A'B'C' ... bo a prism in wliich Uio tat oral 
edges, produced if nece.'^sai y, meet a right >cction in abc . . . 
Let s be the perimeter of the right hoetiun, S(^that 

s---ab + bc+ , 

and let 1 denote the length of each* of l]>e etlges AA', BB', 

CC' . . . . * ' 

The area of the face AB B’A' is measure* l t)y the i)roiiuet 
AA'.alj; • [bchT (6), p. 111. 

• • • 

and the total lateral area is therefore 

1 . ab -1 1 . bc+ ... 

= l(ab4*bc^ . . .)- 1 . s 

or (perimeter of right section) )^(leugth of l.jtoral edge). 

The diflSculty in giving a general deiinition of the ^ea of 
121 
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& ciirv('<l surface may be avoided by deal' " only with those 
simple (iases with ‘which we are flonceined. 




Fiu. u: 


Drfk. A cylindrical surface traced out by a straight line 
winch is in a fixed direction 
and passes through a given 
curve ; a cylinder is bounded 
by a cylindrical surface and 
two^ ends wliich a^re port ions of 
parallel planes, jjjiy position of 
the straight lino generating the 
curved surface is a generator. 

Def. Prisms, the lateral edges 
tif which coincide with genera- 
tors of a cylinder, aro inscribed 
ill that cylinder. 

Def. The area o^ the curved 
surface of a cylinder is the limit 
appimcVed by the latej^al area 
ol a'li inscribed prism when each 
side is iiuklinitely diminished 
in breadth. 

'rhali a definite limit is ap- 
proached by the lateral area of a 
prism inscribed in a cylinder fol- 
lows from tlie preceding proposition and the postulate of p. lOT. 
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Scholium: The area of the curved surface of :i cylinder is 
measured by ‘ * ' 

(circuinferc'uco of ri_L;ld section) x (leu <^tli of ^fenerator). 
For the neriiiu'ter of tin* rielit, -section ' I' IIk' prisiu is 
pol};^oii inscribed in the ri^dit s<‘i-tion of the* c)liii(ler l)y tlm 
same plane, and (Post,p. IOTJ, when each .^idi' is indelinit.isly 
diminished, this perimeter approaclies a delinite limit, called 
the perimeter of tj/e cylind^fical cross-section. 

38. The Volume of a Prism or Cylinder. 

Phop. 4. The volume of an oblique prism (or cylinder) is 
equal to that of a right prism (or cylinder), having the same 
z'ght section and equal latcMl edges. 



Vol. ABCD . . . A'B'C'D<=^vol. a43cd . . . a'b'c'cl' . 

The truncated night juisms (or cylinders) abccl^. . 
ABCD . . . , a'b'c'd . . . A'B'C'D' . . . are corigruent, 
because their bases abed » . . , a'b'c'd' are congruent, 
andaA = a'A', bB = b'B' . . . ^ • 

Taking these two equal vo|ume.s fiom tlie whole figure 
ABCD . . . a'b'c'd' . . . , the remaining prisms ABCD . . . 
A'B'C'D' . ^ . and abed . . . a'b'e'd' ... are ofc equal 
volume. 
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Def. Tlio height of a prism is the perpendicular distance 
betweerl its two ends. A 

Proi\ 5. The volume of a prism (or cylinder) is measured by 
' (area of base) x (height) -- (area of right section) 

,x (length of lateral edge). 

Suppose the prism divided into euhie;il elcMuents of volume 
whieli 1.0 iM laycTs p-.udlel to the ends. An approximate 
mejpsure ol the volume is 
obh.ined by mu’itij)lyiii<; to- 
getiiei- the number of eomplete 
squares conlaiiied in the base 



by the number of com- 
plete layers included in 
the height of the prism. 
rj-. The true measure is the 

* ^ ' limit approached by this 

vheD.*tho oabes aro^diminij^licd, and is tlierefore ..qual to 
(areji of base-) x (height). 

But it lias already been shown (Pi^ip. 4, p. 123) t>at the 
'YCauine of an oblique prism (or cylinder) is equal to one of the 
same- right section and of the same length of lateral edge. 

Taking this riglit section as base, wo obtain the alter- 
native form, 


(area of right section) x (length of lateral edge). 
Scholium : Tlie volume of a triangular prism is measured 
by half the product of the area of any side into its distance 
from the edge to which it is parallel. fScL. (6), p. 111. 
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Examples XII. 

1. In every triangular ]>ri'-’ 'i thr aroa of tlu* lal rral 

face is le.s.s than tlu* Mim <»f tin* t^^o otlwa-^. 

2. The area of tlie Sfotion of th(‘ .sidrs <tl ;i juiMu tnailo hy 
a plane is least when the ]‘’ane is noriujil to llio l.iteral 
odj'es of the 

3. Tlio strai^lit'liiie j(»inlnLr the cenl roid-' of ,m n i seo seel ions 

of a prism is parallel lo It.sv’.ileral e<lt;e-'. , 

Def. Tho centroid jf a flguia' \\lii< h e.ni In- divided inlo 
triangles of areas aj, a.,, a.; . wilh (■•■nlrcuiK .il P,, P.„ Pj, . 
rvi^jecitivcly is fo\ind as iollows • Divide P,P,al- Pjj ie f'i*e 
ratio a.j : a^, dividt' P,„ P in the i.itioa j: a, ha.^, etc. 

*1 Tho floor of an attic is reetangiila r, l).‘ing 1 I ft. hy 12 ft., 
tht •ceiling .^lo[>es from a hel-^dd* ot t) ft. along o:* Hf tho 
longer sides to a heiglit of 5 It. alopg tin* o]>p<*site .^ide ; finrl 
its cuhio capacity. [1 17i) cuh. ft. 

5. A rectangular sheet of pa])ei‘ 1 1 in.h\ 0 in. is eiirj ed so 
as to form tin* lateral siirf.ico of a i ight elreid.ir evlinder ; find 
the volnmex o£ the two evlinjer.s so formed. joS, 31 nil), in. 

6. A slieet (,1 pajx'r iu tlio form of a (MrallelogiMin, \\ho.s(i 

.sides are 12 in. and 5 in. and imdine*! to (‘a<di f)ther .\t an 
angle, of 70’, is curved so as to form the l.iteral surface of 
a right circular cylinder; find tin* volumos of the two 
cylinders which can ho formed. ♦ [hi, 22 cnl). ii]. 

7. Tho ^‘atio of tho volumes of tvv#) rigid. < irenfar cvlinders, 
of which the curved surface.^ ai'e e([';.i] in an-a, is ecjnal to 
the ratio of |ho radii of tlndr bases or flio invef'.'^e ratio of 
their heights. 

8. d’he rat.io of the areas »)f the cm ved snid’^ces of two 
right cifffular cvlinders whicli aj’O of ('^pial volume is eijual^o 
the ratio of the .square roots of their heights or tin* inverse 
ratio of the I’adii of t^ieir h.i.ses. 

9. The volumes genera^^cd hy turning a i-iudanglo aBout 
adjacent sides succes.sively are a and b cuhie eins. rv*Speo» 
tively ; what is tlu^ lengtli of tin*, diagonal of thii i (‘cla rigle ? 

10. What is the ratio of the volumes generateil hy rotating 
a parallelogram about two adjacent .sides ? 
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'i'll 10 I’VIIAiMll) AND CON]? 

I * 

39. Introductory Propositions. 

Def. A conical surface is ^Mnicratcd by ;l line 

wliicli ini'cts a iKrd point and a oi\cn curve; a conS^is 
bounded by a conical surface a„A 1 a [dane base. 


6. If two pyramids ' (or cones) are on equal lasea 
and are of the same height, they are of equal volume. 



Fio. 78. 


Suppose each pyramid (or cone) divided into slices all 
of eqjual thicknes.s. 

Sections of a pyramid (or cone) are similar to the base 
and of linear dimensions .proportional to their distances 
from the vertex. [Prop. 24, p. 6,8. 


126 
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Their areas are tlieivfort proportional to tlie squares of 
their,. tlistances from the ver Vx. '[Srli. (/v), p. J 14. 

Hence the areas of seel ions of two pyiatnids at the same 
tlista.ncu from their respectivt' via-tice.'^ hear tlie same rati i 
to the areas of tlie bases. 'I’hese bases ayo equal in area, 
and the sections are therefore alM) of ecpial area. 

Hence approximate measures of the volumes of eorre.spond- 
iiijs' slices aio equal, and 'liherefore also those of the t;tal 
volumes. But the accurate measures are the limits ap- 
proa.ched by the approximate measures, and tin*. (;xact volumes 
Oi tte two pyramhls (or cones) are therefcTe also equal/ 


tPRor. 7. The volume of Ar*triangular pyramid is one-third 
that* of a prism standing on the rame base and of the^^ame 
height. 



Fjg, 79. 


Let tlTh triangular pyrami^l be denoted by ^ BCA' and let 
ABC A'B'C' be a prism on the same base ABC, havingl'bs 
lateral edges jjarallel to A A'. This prism is of the^ flamd 
height as the pyramid, and may bo consitlered as made 
up of the three triangular pyramids C A'BB', C AA'B^ 
C A'B'C'. 

.The pyramids C A'BB', C AA*B may be regarded as having 
• JJpst. p. liy. t xii. 7. 
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a common vertex C, and as being on equal bases A'BB', AA'B ; 
their volumes arC therefore oqii/.l. [Prop. 6, p. 126. 

Similarly the pyramhls C B'A'B, C A'B'C may be re- 
gar<lo(l as liaving a common vortex A', and bases of equal 
area CBB', CB'C' ; their volqmes are therefore equal. 

*■ [Prop. 6, p. 126. 

Thus the prism is made uj» of three triangular pyramids of 
equal volunn*. That is, the volume of ABC A' is one-third 
that of a pi ism of the same height and on the same base. 


40. The Volume of a Pyramid or Cone. ^ 

Prop. 8 . The volume of a pyramid (or cone) is measured 
by th? product i ’ • 

(area base) x (height). 


The volume of a triangular })yramid is one-third that of a 
prisin' on the same base and of the same height. [Prop. 7. 

Its volume is therefore moasu»’ed by 


(area of base) x (height). 

The volume of any other pyramid (or coiio) is equal to 
that of a triangular }>yramid on a base of equal areii; 

[Prop. 6. 

It also is therefore meitsured by > 




(area of base) x (height). 


Examples XIII. 

»'l. One corner of a pi.ralleh piped is chipped off, so that the 
edge's meeting in that vertex arc reduced to J of their 

former size respectively ; the volume is reduced to — - 
pf its. former size. 

2. The plane determined by one edge of a tetrahedron and 
the mill-point of the oppo.si^e edge divides the tetrahedron 
into two parts of equal volume. 
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3. A regular octalioilron is formed \v1k*s{^ comers nro t.lio 
middle poini.s of the faces of a cube. Show thjit. the volume 
of the octahedron is one-sixth the volume of tlie cube. 

4. If a tetrahedron lias one triliedral an^le fixi'd, its volume 
is proportional to the product of the leiigtlis of tlie tlireo 
ed^^es which meet in tliat point. 

5. The*volnmo 4 )f a tetrahedron formed bv joining tlie 
centroids of the faces of a j^ivtai tetrahedron is one twenty- 
seventh that of the I'iven tetrahedron. 

a tetraliedron has one ed^e fixed as well as the 
dihedral ani^le which is fon^(‘d ther<‘, its volunu' is propor- 
ticual to tlie prodiict'of tlie areas of tho two faces which 
mett in that edge. • * 

7. The two tetrahedra inscribed lin a given paralhdepiped 
are of etpial volume'. 

8. The volume of the octahedron common to two^tetra 
hedra inscribed in the same parallelepiped' is one-sixth that 
of the parallelepiped, 

9. The volume of a tetrahedron ABCD remains fixed ^vlien 

C, D move in any way on given straight lines, parallel to 
AC, which is fixed. ^ 

10. The plane Avhich bi.sects the dihedral an^le betweeA 

two faces of a tetrahedron divides Ibhe ojiposite edge in the 
ratio which the areas of the two facts bi^ar to oi^e another. 
Is the same sfa^cment true for the bisector of tln^, ext^-ior 
angFe between the plan^ ^ ® • 

11. Tl^ volume of a tetrahedron is one-third of*the volume 
of the circumscribed parallelt^pijied. • [See Fife'., p. m. 

12. Determine a point within a tetrahedron such th^jlTthe 
planes joining it to tho si^ edges divide the figure into ftiur 
tetrahedra of equal volume. 

13. If on two given straight lipes con.stant lengths AB, CD 
are marked off in any po.sitions, the volume of the tetra- 
hedron ABCD^is fixed. 
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14 . If A, B, C, D denote tj^io areas of tlie faces of any 
tet.i aluMli nn, .mikW its voliiiiie, 'prove that the radius of the 
iiiscril»('d .sjiliero is 

AitiiCl-D 

in. Til a teti .diedroii in \\lii( 4 i opposite ed^es are perpen- 
dicular the ]>r()ilucts of llie lenijllis of [lairs of opposite ed"es 
ar'J iiivcusely ])roporlional to thc' shoi tesi; distances between 
them. 

16 . 1’hc sum of the normals dra.wn to the faces of a regular 

polyhedron from ftiiy internal point is constant. ^ 

17 . l')et('rinino a. piano pasvTiig through a given straight 
liiuvjij one face of a ta'ihedral angle which shall cut-off a 
volume equal to tliat cutiolT by a given piano, 

18 . If O bo any ])oint in a face BCD of a tetrahedron 
ABCD and straight lines dj-awn through O parallel to AB, 
AC, mD respectnely moot the faces ACD, ADB, ABC in 
P, Q, R respectively 

OP OQ^OR 1 ^ 

AB AC'^AD ■ 

19 . Evc'ry plane which bisects two opposite edges of a 
tetrahedron diviiles it into two parts of equal volume. 

[See Ex. 25 , p. 68 . 

20 . If a point V is .such that the volumo.s of pyramid 3 with 
a common vertex (it V and on given bases not co-planar have 
a given r.atio, ti e locu.'-' of V is a pair of planes passing 
through the join of the planes of the two given bases. 
Extend tliis theorem to the case of three plane^ bases. 

21 . Tiiero is in general one point V such that the volumes 
of i ne pyramid.s with a common vertex at V and four given 
plLne polygons of areas ao, 83, 84 for bases have the 

, ratio Ml : n._, ; ; the distances of this point from the 

planes of the four polygons are pro})ortional to 

Qi . ^ . Ha . n 4 

^2 ^4 , 
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22 . If 0 is any poinl. witl'in :i loti-ahodnm ABCD ami tlio 
line jtHiiing any vertex A n d O niret tlie (([HKisilo face in 
a, then 

Oa Ob ^ Oc 0(1 . 

Aa Bl) ‘ On Del 


23 . l)et(Tinine a, plami di.iwii parall. l to .i, rdven straight 
line or pTissing tli^'oiigh ;i ^i;ivcii point wlncli shall diviihj a 
given tetrahedron into two t‘(pi:il volumes. ' 

24 . Oivein tlie four heights It . h„ h,_, h, of a tetrahedron 
ahvl 4 he dist.anet's pj, p,. p.. of a p.anl. li-oiti three of its faces, 
the distance p^ of tliis point i#‘om llie louith lace is given hy 


Pi 


ai, 1 


. Pi . 'P.' 
h, I*, 


i;:) 


25 . A convex ])olyhedron has n faces and the' pth face is 
of j rea Arl Pr (h'fiotes the distance* of a point P Irdm tlu* 
plane of the pth face, to he me.isnied positive or negative as 
tlio point is on* the same side of the piano as the polyhedron 

r-n 

or the revcrvse; then is ^ Ar Pr cotrstant for all positions 
r 1 

of P, inside or outside. 


26 . If Jie straiglit line tlirough A e<|nally inclined to the 
three faces of a tetr.ahedion ABCD, tvhicTi coiitai^i A, meets 
the /ipposito ^at-e in A', the areai of tic# trianglhs A'€ 0 , • 
A'CD, A' DB are proportional re.spectively to the areas* of 

the face.s^ABC, ACD, ADB. 

• 

27 . If in the face BCD of a tetrahedron a p'dnt A' is ti^kon* 
so that the areas of the triangles A^CD, A'BD, A'B© ^ire 
proportional to numbers y,»z, W and similarly for the f^i-her 
faces (numbers x, y, Z, W being associated with the pointif 
A, B, C, D respectively), AA'„Bp', CC', DD' f ire concnrrmit 
in a point O, such that the volumes OBCD, OCDA, ODAB 
Qlid OABC ar(^ proportional to x, y, z and w respectively. 
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41'. The Volume of a Ftustum of a Pyramid 

(or Cone); Simpson’s Rule. 

, • 

Dof. A frustum of a p^’ramiM (or cono) is l)ounded by its 
base Mild a piano* section wbicb is paiMllol to it. 

Piior. 9. The volume of a frustum of a pyramid (or 
cote) is measured by ^ 

Jh(X + Y+ VXY)=Jh(X+Y + 4M), 

where h is the height, X, Y are the areas of its ends, alSiTM 
is the area of a section midwatr between them. 


6 



Fig. 80. 


' Let 0 be the vertex of the pyramid whose frustum is 
bounded by the ends ABCJD,. . ., A'B'C'D' . . .; and let 
the normal to these faces from the vertex cut them in points 
H» H' respectively 
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Denote the required voluine b) V, and <be lengths OH, 
OH' by p, q respectively. • “ 

Then V = vol. OABCD . . .-vel. OA'B'C'D' . . 

and h = r)-q . . j . . . . (1) 

Hence V-^’/Xp-Yq) . fProp. 8, p. 128. (2) 

• O 

• » . • 

But the areas of ^tlye faces ABCD . . A'B'C'D' . . . 
are proportional to the squares of Ihoir distances from the 
vertex. 24, p. 58 ; Euc. vi. 

That is X, say (3) 

p2 q- ' ' 

• • • 

Substitute now in equation (2), jfiid 

V = -5x(p»-q>). 

• “^X(p-q;(p2 + pq + q2) (4) 

Making use of equation (1), 

V-g .(xp“ + xp^q + xq>). r . . . (6^ 

• • 

Then, making use of equations (3), 

• • 

since I • xpq 7^p* . xq*= 7^'^, 

weh^ve V = 5h{X+^7 XYfY) . . T . . ^6) 

Secondly, the lengtii of the normal from the vertex t(k thw 


mid-section is 

_4M V 

(p + q)2"p2 q2 


. ( 7 ) 


and 
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Ueiire ^h(X+«Y+ lM)-Jh •,i<{p‘^ + q- + (p + q)^} 
-^hx{2p2 + ‘2q- + 2pq} 

= ^h[xp2 + xq2 + xpq}, 

V . 1 " 

which by equation (5) in equ.'il to V. , 

Ueme V=;jh(X + Y+ ^XY)- gh(X + Y + 4M). 

TljdoJast formula oxprosyos \vliat is known as Simpsqn’s* 
Rule; it is a rulo of wid)* a]q»lication, as is shown in books 
on the Intc'gral Cahaib’S'. Jn ]tarticular it ma) bo extemlod 
at onco to any polyliodron in Mliich all tho vortices lie in two 
parallol face's, whetlior those faces contain tho same number 
of od^^es or not. Tho stops of tho proof are given in the 
Sclmliums which follow. * ' 

Defi'. Any polyhedron in which all the vertices lie in 
two parallol f.aces is a prismatoid. 

Scholium {d ) : Simpson’s Jiulo may be applied to a com- 
plete pyraiujd or cone. , 

For this, is the limiti' ig case of a frustum, 

^cholium (//) : S'lmpson’s Li.»d<' may” bo applied to a trian- 
gular prism in A\hioh om* lab'i'il odj^o and tho opposite lateral 
fslfo aie treato<l as 1 wq^,paiaUel J.mcos, 

Ft^r X = o, M iV, and therefore V = |hY, v hich agrees 
wit^i f^cholium, p. 121. 

Scholium (r): Simpson’s Rule may bo applied to tho sum 
or difference of two figures (jf tho same height for which it is 

* Thomas Simpson (1710-17G1). 
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known to be true, iina wbk-h lii' botweoii tlio Hamn two 
parallel planes. ^ 

For if Vj, Xp Yp M, an<l V„ X,, Y„, M. to tlie t^^() 
"iven figures, and V', X', Y', M' rel'n- lo tne liL,nne wliidins 
their sum or diirerenee^ • ^ 

V' = V,±V,, X' = X,±X„ Y'-.Yi+Y., M' M, t M.. 
Hence V' = Jh(X, I- Y, -? l M ,; + ,',li(X . |- Y, 4^ I M ,) • 

= J,h{X' + Y' HM'), 

That is, if Simpson’s IJuh* holds for two lli^ures of Ihe same 
height taken sepaiMt<d\, it irny bt* aj>|>liod wlicn tliey are 
tai?rn together. • • 

• 

Scholium (a) : Simpson’^ Rule tnay be :ip|)li<‘d fo a t(;tra- 
hedron if two opposite edges are reg.inled ;is p.Lr.ilbd faces. 

For a tetraheili-oii may be regarded a.s the dilT(-)-eiuie 
between a ft'iangular prisfit and a f]ii.idiMogidar pyramid. 
(S^e figure on j.. 127.) 

• 

Scholium (h): Simp.son’.s Rule may be applied to any pria- 
matoid. 

• 

For, by joining any vertex *to all the other verlici's, the 
priomatoid can be divided into p\ianiid,s and (elrahedia 
all lying between the same two purallfl jd.mi'^s. Simp'«on'H 
Rule hold.-! vdien th^^y are takjjn sejMiately, avd lln^reforo 
also when they are taken together. 


42. The Volume of a Truncated Triangular 
, Pjism. 

Def A truncated prism is the pertion of a prism cut'oflf 
by a plane which i.s not pai*al>d to the ends of the prism and 
which meets all its lateral e<lge.s. 
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l^iop. io. The volume or a truncateu triangular prism is 
measure(5l by , 


1 

3 


(area of ri^ht section) x (sum of lateral edges). 


Let ABC A'B'C* bo a trnnoofod trianffular prism. 


Let tlio p.Miallol edgi's A' At B'B, C'C bo produced, to meet 
a ri^ht sootion in a, b, c lospoctVvoly, aiu^ let the area of 
this section be denoted by S. « . 



l^et the lengths A{i, A^'a, Bb, . . , bo denoted by p, p', 
q, q', r, r'.vo.spectivi'lv, .and the voInu,>o requircil by V, »o 
that-' 

\(-=vol. A'B'C'abc-voh.ABCabc. 

- TlVe lengths of the lateral edges are (p' - p), (q' - q)» (r' - r). 

• •. 

JusJ^ As in Prop. 7, p. 127, a triangular prism is divided 
-.[into tlijeo equal triangidar pyrhmids, the truncated prism 
A&Cabc may be divided into tliree unequal pyramids, 

i< • 

CABb, CAab, Cabo. 
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Tlio volume of tliolast of these, since Cc is normal to its 
baseabc, isir * 


Because Cc is parallel to the face AaL, 

« 

vol.'CAab = vol. cAab. [rroj). 8 , p. 128. 

But Aa is nor)*ial to the face abc, 

I 

whence * *vol. CAab = ^pS. 


Similarly, 

vol. CABb = vol. c^Bb -- vol caBb. 

1 •• 

whence vol. CABb = ^qS? 


Hence vol. ABCabc =5 .^(p + q -I- r)S. 

• « < * 1 

'similarly vol. A'B'C'abc~.^(p' + q' + r')S, 


and V = .^(p' - p + q' - q + r' - r)S 

cs ^ (aroa*uf right sectiof^ x (^um f)f lateral erlges). 


43. Th 8 Regular Pyramid* and •Right Circular C^ne^ 

Def. A regular ^pyramid is one whoso la,te» al are 

congruent i.sosceles ti-iai^gles ; from wliicli it follows tli.1t the 
base is a regular polygon. 

Def. A pyramifl whose Ihtffnil erlges coincide with gene- 
i‘ators of a cone is inscribed in that cone. 
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Prop. 11. A regular pyramid (an be inscribed in a right 
circular cone. 

Lei OABC . . . be n re^ilai- puMUiid and let K be the 

prv)jeciioii upori the base of tlie vertex O. 

The n^'ht-aii^led triaiigle.s OKA, 0KB, OKC ■ . have 

0 



OA-OB 0C = . . . and OK. common, and are therefore 
coiigruenl. ' 

" Tfence OA, OB, OC . . . arc all genor.itors of the right 
cifeidn't roue generati-d by rotating tln3 right-angled triangle 
OAK»i:iboiit. OK as axis. 

The pyramid is therefore inscribed within this cone. 

Def. The slant height of th5 fi*ustiim of a regular pyramid 
is the perpendicular distance between parallel edges of its* 
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lateral faees; that eff tlip^fru.shim of a right circular cone is 
the length of a ^nerator ■ 

Def. The mid-section of a fi ustum of a p) ramid or of a cone 
is a section parallel to its (muIs and Iialf-A^'ay hetween tlu-fn. 

Prop. 12. The arua of tfie lateral siiriace of a frustum of 
a regular pyramid is measured by 

(perimitor of m^^d section) / (slant height). 



Let the frustum bo denoted by /tBC*. . . A'B'C' . . . and 
the mid-selti#'n by aLc . . . ^et the s].mt hci;,4it. b(‘4.^ 

The area of tin* face AA'3'B is ef|na] to that of tho^)aral- 
lelogrcm formed by ffrawing. a paiallel to a!A' tliron^li b, 
the mid-point of BB'. * * [Kuc. i. 2 ( 9 , 

It is thereforii measured by ab . 1, and the tot. 1 / lateral - 
surface is n . ab . 1, wliure 7 ?Js llie number of lateral f:fcos. 

But n\ ab is the perimeter of the mid-.section, and Iho 
total area is therefore measured by 

(perimeter of mid-section) x (slant height). 
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Scholium (n ) : 'Phe literal surfajje of L rc^mlar pyramfd is 
measured t})y tlio same formula. 

Def. The area of the curved suiTaco of a coue is the limit 
approached by the lateral area of an inscribed p}'ramid, when 

the breadth of ench, lateral face iv indefinitely diminished. 

* 

That the lateral area of the inscribed pyramid does 
approach a definite limit is proved in the following 
scholium. 

Scholium (h ) ; Tho'curved surface of a right circular cone 
or the frustum of one is measured by 

(circumference of mid-s(?ctjion) x (slant height). 

For tlm mid-section of an insciabed pyramid is a polygpn 
inscribed wit'hin the mid-soi^if-ion of the circumscribing cone, 
and its perimeter therefore approaches the cii etiniference as 
its limit. [Post., p. 107. 

Examples XIV. 

1. Prove the formula for tlie v'Jimue of the frustum of a 
triangular pyramid by splitting it up into i,i i ^etra h cd ron s. 

2. Assuming the formula for the volume of the frustum 
of a triangidar pyramid, deduce that of the frustum of any 
other pyramid. " 

3. Two oppodte faces of «. cube, ABCD and A'B'C'D' are 
cut by a plaTie meeting Ati, AD in H, K, and A'B', A'D' in 
H', K'. Express the volume cut off in terms of the lengths 
of All; AK, A'H'andAA'. 

4. The volur„e of a frustum of a pyramid of a height h with 
end f'. 3es of areas X, Y fall short of Xhat of a prism of the same 

height Hut on a base of area ? (X + Y) by JX - ; the 

volume exceeds the prism of the same height on its mid-section 
as base by half thi.s amount, that is, by 
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5. The voluiiio of a <olT^.lu'(]roii*ia moasuiod by two-tliinls 
the product of ^lo shor-^'l distancM* l)c‘T\\e(Mi twd opjxisite 
edges and the area of l.lio ]>:»r:dhdogiam formed by joining 
the eentres of the fonr rein. lining edges. - 

6. Vei ify that tlu' ^olnmf of a triine:it*'(l l.riangnl.ar prism 
is given by Simpson’s Rule. 

7. ^ plane divides AA', BB', CC', DD', parallel edges of a 

rectangular block, in thi ratios 1 ; 0, • h, ft : ‘J, aii(4 4:3 

respectively; sho^’ fh:it it divides the block into volumes 
which are in the r.atio 3:4. 

'riirough any given straight lino one ])lan(‘ can bi* drawn 
■b'viding a itarallelepiped ifito 1.wo pait'. ol e((ual volume. 

*9. If along fonr jiarallel lidges^of .a parallelej)iij, ed <if,tances 
a, b, C, d are me.asured, the vojume of the ( el laliedron of 
whi(di these four points are vertices is proportional to 
(a - b + c-d). 

10. From two p.arallel edg*-^ of a triangular pii^m a piano 

which divifles tlu* voluiiV. into two e^jual ])aits cuts off 
lengths a, b^ ^vI?ylt length is cut oil from the third parallel 
edge? * 

11. A rhombus revolves about a diagon.-il : tlie area of the 
surface described is equ.al to that of a circlfi whose r.adius is 
a mean p 4 ‘ 0 [)ortional betwe<*ii the side <4 the rhombus ?ind 
the other diagonal. 

12. If ^ piano drawn thiougli ^ne Mgo of tlie base of a 

legular quaurangulftr pyrami<^ diviile* it in^.^ t,wf^ ^itpial 
volumes, it must divide tin two lat<-ral edges 0 [ipnMte«to the 
given tfdge in medial %ectiom ['^2. 

13. A regular jp'ramid luis a triangular b.ase, each side of 

which is equal to a ; if the ratio of the area of total^^mrfalie 
volume be p : a, then tj^ie height is t)pa/(p“ - lOH). • , 

14. The volume of a truncated triangular prism is eqmrt to 

the product of the aia*a oi^ il^s right section into the distance 
between the cent-roiils of its end faces. Can this theorem be 
extended t(^any truncated prism? [hoe Ex. 3, p. 125.‘ 
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15. A plane which cuL off constant volume from a 
triangular prism, passes through fixed pof it. 

16. Tho volume of a frustum of a right circular cone is to 

be 200 cubic f(‘et, ii.s height is to he 10 foot, and the radius of 
its base to bo 3 feet ; what must be the radius of the opposite 
face? [2 00 ft. 

17. Wliat must bo tho ratio of the radii the end faces of 

a fruhtum of a ridht circular cone in order that its volume 
may be half that of tho cylinder of the same hoiglit on the 
same base? [‘366. 

18. Calculate tho area of curved surface, the total area, and 

tho volumo of a cone of which the meridian section is an 
equilateral . triangle, in terms of* one side of this triangle; 
what is the length of this line when tho total area is 1 square 
foot and when the volume is 1 cubic foot? [’65 ; r64. 

19. A symmetrical neap of stones has for base a rectangle 

30 feet by 7 feet, and a levektop 26 feet by 6 feet, and its 
height is 2 feet ; find the volumJi' [337 J cub. ft. 

20. The volume of a truncated quadrangular prism of 
which two opposite lateral faces are parallel and rectangles 
of 6.ide.s a, b and c, d respectively, the distance between 
th^m being h, is measured by 

Jh{(a + c)(b + d) + ab + cd}. 

21. Tho lyholo surface of a right circular coneys equal to 

thaii' 6? a circle, the" diameter of whicii is a mean propor- 
tional between the base and perimeter of any meridian 
section. i 

.22. If the curved surface of a frustum' of a right circular 
cone had an area equal to twice the difference between the 
“ areas ^of the circular ends, the scmi-vbrticul angle of the cone 
is 30“. 

23. Divide the lateral area of a right circular cone into n 
equal parts by planes parallel to the base, 
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m 

24. The curved silrfac^’^ of a rit/lit circiiljir conn dovolopa 
into n circular settor of aii/lo a ; show Ui.lt the mmu*!- vertical 
angle of the coneji.s sin ■V(i/27r). 

26. The volume of a rii^dil. circuhir com* is oiie-lhinl of itlio 
product of the area oHts wifiilo sni f.ico a-".d the r.ulius of the 
i Inscribed sphere. » 

26. The curvc^l .snrfiei* of a soli.l lii^dit (a’rcular eoiio, of 

semi-vertical angle a, aiiA altitude h, ntlls on :i Iiorii?oiital 
plane, the vertex Itoiftg fixed, h’iiid I lie area of tlie curved 
surface of the cone generated by tlio axis, [rrh" cos o.] 

27. A cylinder is inscrilHsl in a light circular (jone, and 

it’’ height is one-half th.at (jI‘ the cone; prove that its volume 
is^hree-eigliths that of the«om>. Also iind tho^ratio «of the 
curved surfaces. • ' [I cos a. 

28. The volumes of the figures proiluced by rotat.ing a 
rpgular hexagon about the lines joiniij-.^ (i) ojijiosite ^vertices, 
(ii) mid-points of opposite sid(;s, are in the ratio *91). 

29. If a 6, is a generator of a frustum of a right circular 
cefneand A'B' is its axis, and OP bisects AB at right^a agios, 
cutting A'B' in O, the area of its curved surface is measured 

by 2ir. A'B'.OP. 

• 

30. The surface areas of the^figures produced by rotatii^' a 
regular hexagon about the lines ^lining (i) opposite vertices, 

(ii) mid-points of opposite sides, ai^; in the ratio -99. 

* * 6 
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THE SPIIIOUK' 

44. The Area of a Spherical Zone. 

Dof. A zone of a spliorioal surface is tlio portion inter- 
cept(‘(f l){‘tw.j'on two pjirallol pianos. '' 

Scholium : A zone of a sphere m:i,y be supposed to be 

gener.ited by rotatinif an 
air of a circle about 'a 
diameter. 

Def.fWnff.Hft surface of 
revolution bo produced 
by rotiiting those sides 
of a regular polygon cir- 
enmscribod to a circle 
which touch a given arc, 
about some diameter, 
the limit whi(j^h the area 
of 'its cilrvod surface 
approaches when the 
ni^jibcr of sides, of the 
polygon is indefinitely 
increafAed is the area of 
the spherical zone gener- 
al, ed by routing the given 
Fig. SI. arc. 

That such a limit exists is proved in the following pro- 
positionr ” 
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* Prop. 13. The aresf of zone o4‘ a sphere is measured by 

2ir (radrls of .spheib) x (thickness*of zone). * , 

Let O be the centre of tlio .Npln-re, a. 'l let the normal 
drawn tlirough O to the planes, which (lef(‘rmiiio tlio zone, 
meet them in a, b, :nid let plane thiotigh ab meet them 
in two chords AaA', BbB'.' 



Fig. 86. « 

• . % 

The zone may be c..^lside^ed as produced hy rotating the 

figure aABb about db, and its ar(*,i is the limit appnmchefl ^ 
by the area of the surface of revolution which is producc^l by « 
rotating the sides of a regulaft* polygon circumscribed to tl^e • 
arc AB. 

• » 

* This theorem is proved by Archimedes (2S7-212 n.c.) in “The 
Sphere and Cylinder,” 13k. i. Prop. 3.3. 


K 
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Lot PQ 1)0 an\ «nio of Mo* siiloj/of t]i?s pol vrron ; if R^ia its 
point of ('otitact, R is, l)y s} iniootry, tlio.niid-point of PQ. 
Ijot p, q, r Ik- projoolions on tin* jixis ab [<f P, Q, R respec- 
tivoly; and let PM bo drawn j)arallol to ab, mooting Qq 
in M. 

'rii(‘ side PQ li-aoosont tlio fiTstum of a ooiiical surface, 
llie area of ^^Id(dl is moasiii i-d by 

2ir.Rr.F^a, [Sch. (i), p. 140. 


27r . Rr moasm ing tbo ])criinotor of its mid-soction. 


but tbo t.ri.iiigl(‘s ORr, PQM arc similar, because (‘ach 
.sid(5 of oJio is })orpen<Ii(-ulai- to the (:orros])Ouding side of 
tbo otli?r. ’ 


lloiicc 

but PM pq, wbonca 


OR PQ 
Rr ~PM ’ 


[Euc. vi. 4. 


Rr. PQ^R . pq ; 

and tb/! aiea 1rac(‘d out by PQ is tlieroforo given by 


‘-V . OR . pq. 

'By adding tin* areas traceii* out by oacb side of the polygon 
wo obtain ' 

2ir OR . (piojootiou on ab of the porimHer). 

ILit by making tbo sides of tl o pohgon smaller and smaller 
we can make the projection on ab‘*oF the perimeter differ 
from ab by as little as fv'e ploasi . 

(- 

The limit. a|)[)roaelir<l by this area, that is, the area of the 
zone, is thoroforo 

27r . OR . ab, 

which is 


2/r (radius of spheie) . (thickness of zone). 
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Scholium (a),: Tko ;ui . of tliolw liol*' >plii'ric;il suifiico is 
4Tra“ wlnT(* a is radius ,f liio splicm.# 

Dcf. A spherical cap is llir jiorlion ol .M’i(Mi<Ml sm-faeo 
cui. oil' by any jtlaiK' ; its pole is tho point in which il iiK^ilsta 
the diameter noniml to * ** 

tho plane by whicdi it lA 
cut oil# 

Scholium (/>) ; 'rjio.area 
of a ajjlierical cap ot heii,dil 
h, on a s]diei’e of radius a. 
is ‘j»rah. 

• Having now ribtaiiied a 
meanin;' for the anai of 
any zone of a sphere, we 
have also eivon a mean- 
in^^ to the aien of any 
portion of a. spherical 
Mirface w^iicli can bo% I' i<a 

formed by •die .fildition 

of zones or their subdivision iido conj^ruent portiiwis. l^y 
this sort of ])roc(‘ss we can now j.pvc a meaning to the 
area of any portion of a s[)lierical surface ; the area of 
any spherical triangle is d'^alt with in the concluding 
section. 



45. TRe Voluiril of a Sphere. ' 

Def.* A polyhedrofi is circumsjrihed t,o a* surface^ when 
every surface is a tangent*phano. 

Post. The ariM of ;niy ]H)rtioii of a sjihci-ical s^lJface i^ 
the limit approached b} .tlTe ar(‘a of a cncumscrihjijd poly 
hedron when every face is indefinitely diminished, and the 
volume cut off hy the sph^riP^il surface is tho limit ef that 
cut off by the polyhedral surface. 
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Prop. i4. The volumd of a s^d W‘hi<^*is boondei bf ^ 
a portion of sphencal surface, of area A/ and the conical 
surface joining its boundary to the centre of the sphexoi ' 
which is of radiu(i a, is 


Suppose a polyhedral surface with a large number of faces 
to be circumscribed to the surface of area.- A ; the Volume ^ 
requited is the limit approached b^the sum of the volumes 
of the p 3 Tamids on these faces as b^es, >vith a common ' 
vertex at the centre. They are all of the same height. 

[Prop. 28, p.'^O. 

Therefore their volume is measrtred by 
* « ^ 3 ® (area of polyhedral surface). 


But the limit approached by this area is the area of the 
spherical surface which is A, and therefore the volume of the 
* ^ solid bounded by the spherical 

sUif^ce and the coqe is 

r> 

» * Scholium (a) : The volume 
rf the whole sphere is 



oira®. 


. 0 


Pl<^ 87. 


^f. A spherical sector ^ 
the* portion of a sphere 'id, 


Qi a spnere m 

slude^ within a right circular ' cone with its vertet^at tl^ 
sentre. ' ^ 


Sch(^llim (h ) : The volume of a spherical sector <^1 
mgledjs ^ . V .. 

|va8{l - co? 6 ). 




%o. xiL 18 shows that the xatio vo1ni^»a» Is^po^js^^i^ 
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^ 1 i - be regarded 

46. The Volume of a Spneric£^ Segme^ 

Def. A segmmt of a sphere is a portion cut oil; by any 
plane; it is bounfled by a spherical cap end a plane section 
oedled its base. * * 

.. Def. A fimstum of* a sphere is a portion cut off between 
two parallel planes. 

Prop. 16. The Toltur# of the segment of a sphere is 


measured by 


1 1 

irh2(a-3h)=*'girh(h2 + 3r2), 


erh&e a«=the radius of the sphere, h=the height of the 
l^ent, r« radius of the base. 

^I'lLet the diameter HK drftwn*tJirough 0, the 4ent»e^of the 
iipherei normal to the base 
the segment, meet it in 
C. Let AB be any diameter 
eff the base so that we have 


OH-ta,CH = h, ' 

CA-CB=V 

; The v.Dlume of the seg- 
ment is the difference be- 
tw^tt the volume of the 
8pberi<»l Sector OAHB and 
pone OAB. It ts there- 
meas^fed by 

OC«a - hi^whence? denoting the volume by V, 
fc.';;;., V-3,(2a«h-(a-h)r»). (IK* 

.From this result we can eliminate either of the quantities 
6rby making use of the«equation 

- AC‘-0K.CH. [Bw»,ia38 . 
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Puop. 1^ i)(* written 

a porti^'' 


r“ ~ h(‘2£f- h, 
or + r 


r2£f-h,i I 
--2ah.] ‘ r 


Eliniinatiii" r we from e,qu:itions (1) and (2), 

V = ^7r{2a2h - h(a h) (2a - h)} 


- h). 


V-irlV^(a- ‘h). 


That is, 

Elipnnating a, wo laive from equations (2) and (3) 

V = rtQlV' + Jr'^-;h) 


( 2 ) 


(3) 


Wilich gives 


V = g’rh(h^ + 3r=^) 


(4) 


■ 47- The Area of a Spherical Triangle. 

Def. Any ono of tiie four portions into wJiicli a spherical 
surface is divided by two' ili'Uiietral planes is a luno ; the 
angle of the hiiie is the angle between the pair of half- 
planes which bound jt. 

/ . . / 

^pKor. 16. The atea of a iune of a sphere is measured by 
2'a^,‘where is the circular iheasure of the angle, and a 
is thf radius of the sphere. 

'Two, bines of equal angle on the same sphere are con- 
gruen^t, ^iiid therefore of equal area. 

•hSy subdividing both lunes into a large number of equal 
lunes, an exact or approximate nieasnre of the ratios of the 
angles or areas of the two limes can bo found ; and these 
ratios ave necessarily equal. 
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JfeiiCP, sinco.llio wlu)lo .-})luTUMi huil’ice iii.iy l)»“ n'^Midcd 
as a luiio of angle we o^jLiin 

J urea of liino 0 

fii e.i of .s|>Ii04*<- L’tt 

l-iut the area of tln‘ .si>liorn is 47ra2 ; [Sch. (a), p. 147. 
and hc**ico the 

area ^)f lull e = • 



Fig. 89. 90. 


9 

Def. A spherical triangle h* the rn,nir(‘ ^fovriKMl by the 
intersection with ji» spheiical sufface, of a IiiIkmIimI angle 
which haa^its vertex at the centi*e1»f t.Tli- .splic!**', the angles 
of a spherical triflnglo aro*the (1il’*-dral aHglos of .the 
trihedral solid angle. 

• * 

Def. The sum of the iifeasures of the angles of a spTierical , 
triangle less the measure of two light angles is ealleil»tho 
spherical excess of tho.ti iangle. 

In the triangle ABC the^spliorical excess is 
(A + B -f C - »r) radians. 
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‘"^rea of a spherical triangle is measured by 
(A B + C - Tr)a", jvhere A, B, G are the ^^ircular measures 
of its angles and a is the radius of tbe spliere. 

,Liit liic opposite 1 ‘xl.ivinifcios of tli(‘ diameUTs tliroiigh 

jA A, B, C, be the 

/V. p<)illt,S A*, B', C'. 

If "o add tl^o limes ABA'CA, 

obtain the hemi- 

II li ('I I ( aP' \\\\ AE A'B' plus the triangle 

nil R'\ 1 ^ w ) ti'iangle CA'B'. 

B' Mlw V f/IMm 

Ihit the triangles CA’B', 

^ divided into con- 

portions, , 

■• [Sch. (rt),p. 97. 

/■ and therefore aie of equal 

Kir. ill 

If we, aiia (,||(- thirii hme CAC'BC we obtai'ii 

an ai'oa ('mial In tliiil. of the hemispjiore ABA'B' plus twice 
the tiiangle ABC. *' * 

measured by 

2(A-I- B + C)a'^, and the area of the hemisphere by 2na'^. 

d’he aioaof U e triangle ABC is therefore equal to half 
thoir difference, that is t-o (A ^1- B + C - 7 r)a 2 . 

, « Examples XV. 

Tind fn square, miles, tne area of that portion of the 
Kartlr.s surlaco which should be visible from a tower 200 feet 
f. « * [052 sij. miles. 

2. What should be the distance aparh.of two ships when 
wo mei^’j each 40 feet above the level of the sea, can just 
5eeonL another? ^ . [15-6 miles. 

Show that the dip of the horizon\nd the extent of 
^ision at sea from a height U‘x feet are approximately 
I 06 minutes and 1-23 miles respectively. 



ELEMENl aUY SOLI D* GKOM ETliY 


4. Tf a solid .spli(3#c of i.idins a|l)o viewed by an oye at 
.1 distance C fnmi the ceiwio, find lluj »i(m of tlie v'i.sil)I(‘ 

1 ^ 

5. If tbo Moon’s radius .-u^l disl.ince b<^ ii'SjM'ctively lUOG 

and 240,000 miles, fim^(ii^ mill's) the dislancc' of tlic rd^o^ of 
the visible })ortion fiom (In* bound. n y of that liemisplu'i-o of 
the sphfiro vhichiis neare.sl to us, p;| miles approx. 

i * • 

6. A sphere of widiiis r and ceritn* O is eiit by a ri^dit 
circular cone whoso semi-veitie.il an^jjle is a and v(rte\ Q. 
Show that the area on the spliere imduded within the 
cone is 

2jrr“(*l - cos a) 

7. A sphere is cut by tw'o plai*es which meet^n a1;ari^^ont 

line to the surface, and enclose wqual anirles a, on ojiposite 
sides, wdth the diametial plane tliroii<^h the .same line. J^’ind 
the area of that poi’tion of the sphejiieal .surface winch is 
included between them. {Ana- sin a, 

8. Sj, S<j are ilie ari'as of the inner ami outer siirfaci's of 
a spherical slicll ot thickne.ss t, and s' is the area of tlio 
spherical surface half-way between lliem. From Simpson’s 
Rule or otherwise prove that the volume of the shell is 

it(Si + 4.f + S.,). 

9. Prpve that a plane bisecting a radius of a sjiliere at 
right angles divides *the volume of ^he .'^)here into tw'o paits 
in the mtiolof 5 to 27. 

10. A gasholder has a diaiueter of :10 feet, and the hi^diest 

point of jibe roof, whicli is spherical, is 5 feet a#jove the level 
of the top of the walls. Firyl now nfueh the capacity exceeds 
what it would have«been if tho roof had been tl.at. ^ , 

ri 83G cubic feet. 

'■ • 

11. A cone is made from*a piece of metal wdiose form wh«n 
developed is a circular quadrant. Sliow that its content 
hears to that of a sphere ^a*ving the same radius as the 
(Juadrant the ratio of *015. 
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12. If tho volume of a/uiiiform spherical shell be estimated 

by multiply in<^ th«? thickness (t) into the acea of the spherical 
surface wliich lies half-way between tlii inner and outer 
surfaces of the .shell, will the result bJ too great or too 
small ? [Tho error is twice the volume of the sphere whose 
diameter is t.] ** * 

13. A plane perpendicular to tho base of a hoipisphere, 
determined so as, to cut olT a pojij-ion such that the area of 
its curved surface is equal to half t^at, of the base of the 
hemisphere, bisects a radius of the base at right angles. 

14. Through any tangent line to a sphere of radius (J'cm., 
planes are drawn meeting it iif circles of ra»lii 3 and 5 cm. 
respectively ; show that tln^ ar^a of the surface intercepted 
between tlihm may be ciohor 320 or 70 sq. cm. approxi- 
mately. 

15. lens, plane on one side, spherical on the other, ha^s a 
diameter of U in. and is | in. thick ; find the radius of the 
spherical surface and tho volume of the lens. » 

iiK ; 36 cub._ in 

« 

16. The Temperate Zones on the Earth lie between lati- 
tudes of 23^" yiid 601°; show that the areas called Arctic, 
Temperate, TropicJil are roupldy in the ratios 2:13:10. 

I . j . * 

17. Determine the semi-vortical angjoof a spherical sector 

such that the area 6f it^onical surface isTi times that of tho 
spherical portion. , c . . ' [2 cot"i2«. 

18. Deterii ine a plane which shall ,cut a sphere so that the 
arerf of its section is equal ‘uo^tho difference between the' 
ajreas of the two caps into which it divides the spherical 
surface. [Its distance from the centre is '236 of the radius. 

• 19.*Two spheres of radii 13, 15 resj^ctively intersect in a 
circle of radius 12, whose plane lies between the centres; 

prove that the ratio of tho areas of each surface included 
within, the other is 52 : 45. 


c 
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20. A portioiT of af spliorical surluco is cut olf between a 
movable plane and a tixetl j»l‘\ne ; prove tJ<:it, if its area be 
constant, the movajde plane touches a cta-tain sphci-o. 

21. If A ia the pole of a spherical cap antf P is any point on 
circumference of its b.-u^e, thff area is mea«ired b\ *• . AP^. 

• * 

22. Cut a solid sphere by a plane so that the whole surfaces 
of the ti^o portion* may bo in tlio ratio of 2 to 1. 

[The heights olithe segments haVe the ratio -3G6. 

23. The area and volume of a cylinder circumscribed to a 
sphoj^e are respectively half as large again as the area and 
volume of the sphere. ^ 

In a given sphere determine a segmcuit, the volume of 
which is n times the volume* of a^'-one on the sawo base and 
of the same height. 'Hie semi-v;jrtical angle of the corre- 
sponding sector is 2 tan '^(2n- 3)^. 

25. A solid is formed by rotating a circular sector pf angle 
30" about one of its straight edges ; compare its volume with 
that of the complete^sphere? [*009. 

2G. The volume of a frustum of a sphere, of height*h, tho 
ends of which have radii r 2 , is mea.sunid by 

^7rh(h2 + 3r/^ + 3r./). • 

• " • 

27. The folume of the frustum«of a spluTO jnay be found 

by Simjfson's Rule. • • 

28. Estimate (by gimpson’s jlule) the volume of a cask 

3 feet high, the diameter of either end Ifbing 2 feet, and the 
diameter of the mid-se^tiofl feet. cubic feet. 

29. Estimate the volume "of th# cask in the preceding 

question by supposing it divided into two equal fr^istums 
of a right circular cone. ^ [12'U cubic feet. 

30. If a ’concentric spherical hollow of two-thirds its»radwis 
is made within a given sphere, and parallel planes are drawn 
to touch the spherical hollow, the volume included between 

’ them is to that of the given sphere as 5 : 9. 
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31. If a qiifidrilntorali bo described ‘^nn the surface of the 
cartli, tlipje anj^les, ri^'kt. aiigb'S, jind tlie two sides 

jidjac(‘ut to them equal, and the radius offtlio earth bt; taken 
to b(5 4000 miletj., tlie equal sides iriiist uo nearly 40 miles 
i'll length in order that tl^e fourth an^di' may exceed a right 
angle by 20". * 

*32. The base AB and the ai*ea of a spherical^ triangle 
ABC being given, the locus of tlu; vertex C is a small circle 
whhh passes through A', B' th if antipodal points of A, B. 
{Cp. Ex. 29, p. 104; the sum of the angles at A', B' can bo 
shown to dilfer from the tbinl angle of the triangle A'B'C 
by a constiint amount.) 

• 

33. If the tangent cone drawn to a sphere, cr, from any 
point Q be/lenoted by t, th'e aritas on the surfaces o-, t, lying 
between concentric spheres, centre O, are equal, 

(Note that Prop. 13, p. 145, is a special case.) 

31. Eiom considerations of^area show that any angle of a 
spherical triangle is greater thad half the sphirical excess, 
and hence that two sides of a triaiiglt^ro together greater 
than the third. 


Lijxeir.s Locus, 1781. 



ALTERNATIN'Iv T.i!kA I'M K:\' 1' OF TIIF 

fundami<:ntal imiofositions* 


2 , Existence Postulates. 


1 . General Existence Postulate. Thuv eihl m njuto' nn un- 

iimnbir <// iniihfitllii Iiiki tsinjdna (ullol ///(///< -., iii ui'k 

plaiiman U 7 ih’mi(i(l auinhr of 7 id< KohiKj luo o /// m / slr^ujlit. 

hius; in each straiyhi hue mi uiiliDiiUiiv nibn if pniiih* * 


Notation. Plunes wmU be deiiolcd l)\ (JrLck let It i ', <i, fi, y, 
. . . slA. light by small Homan Icitois, a, b, C, . . . ami [toiiiNs 
by capital iioinan letlers, A, B, C • . . * 

• 9 * 

2. Existenoc of Straight L'lies Postulate. T/iioiujh iw» jumih 

A, B there cxityttijnie one stniKiht line. 


Notation. The straight lino containing (wo ]»oii)H A, B m'iH 
be clenotoil by AB or BA indillorently. In the pic'^cnl t li.ijilt v AB 
is taken to refer inttonly to the segment lying bey\(‘en the poinb^, 
but also to all the points be}ond A «^nd beymd B. ^ 

t Cor. ^ 2'iV() straiijhl liin’-i ichirh i.de-h^ct do i>o in oriv point only. 

For if they^net in two points, Post, 2 tcouH be eony .ulieted. 

Scholium: Giv,n any point ^ ami a ?liMight Tnc l)*nbt 
containing A, there exist an #11111 'in i ted number ot sti. light “lines 
contaiiiing 4 A and some jioftit in b.. 


For in b tlicrc exist, an unlifnitcil numher of jxnnts X, Y, . . . 

[fnsl. f. 

Loiters nre eliosen, exeojtt, in Jtl« case of 1 ;infl 2, so t^irit the 

urea drawn f<ir the onf^iu il to- itinent are still a|i[>lie ihk*. • 

t Only theuiorns whieli are m fact implicitly contained either in the 
enunciation or the proof of ,i p/V>i)i?sition or iiostulato will lie called 
Corollaries; other deductions not important enough to lank as«|>rupoMtion8 
will be called Scl^liums. 
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and ffivci) Ili(‘ ]), Ill's A and X, Ar-ind . . . llicrc (‘xist. 

a cdiifsjiniidiiiu; munla'i <•! .''I lai/^dil, 11111“^ AX, AY, . . . cacli uon- 
(ainiiiL,' A and Mnnr |Mnnl in b. ' | [Poht. iJ. 

3. Existence o&. Planes Postulate. 7Vi?iL^/// (imi dniiijht Jme 

Shiniil ii /hiDit B ot/hnl, il th,i* f(/s/s <■///’ (intl n'/tlij Diir phnir. 

Notation. Tim plaiu' winch 'Miilain' a strai^Tl- line a and an 
cxLci'iial jiDiiil, B is d(“m*|i‘,| |i\ aB, ami llic pi. me winch conlanis 
I he str.ii^dil iiiu' AB and the iioint C duIskIu it is dj.ii(»ted by 

AB,..C. . , ' 

Def. Tw'i) .straight lineb aie parallel ir lliev 
(1) he in one pi, me, 

(n) ha\ (“ no c.niniion pninl, /.< . do nol meet. * 

4. Existence of Parallel Straight Linos Postulate. Thmuiih 

\()nj uiit B nul.oilr tt sli,tiiilil Iw’ in the iildih' aE- umi 

»)iil ii/ihi itnc'^tnuiilif Ini' e/nd'. (lorn not imut a. 

Cor. ( 1 ). 7'lnnf/iih niiji fioiiit B onfsiih’ n stnui/lif Inif a th'ic exists 
me (lint inihj ons slnmihj linr ininillcl to a. 

Cor. (n). Krnij slniufht Urn f. hiinn in n i> 1 nnea omt at least 
one of a nif hr,) ijtu'n inUi^xhntj lines BA, BC</</oe/ in a. 


3, Intersection Postulates and Deductions, 

Def. All the jKinils connnon lo two [ilanes form their join or 
the trace cf one jd.-nie iipon^the other. 

* 5. Intersection of Tt^o Planes Postulate. The Join nf two 
jilnnes a, /j iH.ieh hurra eoft.inov jioinl A is a stianjhf //pc thumgh A. 

N9tation. The .‘?*iraight line winch i.s the join of tw’o planes 
a, /j IS denoti-d by (a/>’). * » 

Cof. Thumgh twoparai^el straight lines a, b thue exists one and 
only one plane. ^ 

(I'\m' tliei-e is onu i)l;nic by ilctmition, .uid tticro can rot lie two, bccauso 
* two pl.iiu's w’uiild tlu*n li.ivr- two stiaiL;bt lina^ in coniiiion, which contr.adicta 
tip’ populate ) * , 

Notation. The plane contaiipno two pai.illel sli'uioht lines, a, b 
IS licuoted by ab. 


Cp. Luc. XI. 3. 
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Tlie fnllownig UircG *'iiri)iri..s ail' ilir'l as pn^i nlalcs liciaiKse 
llii'ii- piuot's iiivohi* PMpiKjvii lo^i.s w liicli s(mmii ajisiiid to a Ix'^miicr 
imu, si'll to logical ai'draclioii-'. Nrvi-i tliL'lf''S, ior tlu* iiitfu'st, of 
more advaneud studi jils pi oof- ar- appended ‘?1' .v.ihlc 
implicitly contained 'll! the jneee.iini; (‘ne poi'ti.’niie.. 


6. Intersection of Straight* Line and Plane Postulate. If 

a 'planr a //ns n point A /'< cottniifri inth n ^hnuiht liiir AB, it t iih i 
cuiitnin.^ if^nr hit^ im ofln r point in rninninn nitli it. 

l'\ir hii|i]i(iH‘ tli.U A iiiVi-ts AB ill a s('.-, .’id point B, llicto i-msIs oiilndi’ AB 
and tho piano a II point X. 1 * [TH. I 

'I'lirniiLdi the sli n.'ht lino AB and tin- punt X outside it llu ie < a 
piano ABX. [I'ost. y. 

Tlio 4j)in of the two jilaie’s u., ABX, wla It llio points A, B in ooiiiinoii, 
is a .stiaif-dd line ( untainin" A, B iro’-l fj. 

.'ll t, ^iven two j'oinis A, B, fin u i- "iie and only one s'l.indit lino winch 
Con. *;n.s both ,/ r the ^tr.iudit linn AB ^ 

'I'hat IS, a either (i) has a second p.iin! Nucdniiiuai wif h Alf, and * oiilains 
ft, or (li) liius no other point in eoninion w'dh it 


Cor. 77ir u'/iole of the slrohiht hue joinnuj A, B tvo pinvfn of a 
phvie a lies in a. * 

Def. A straight hue wliichjhas only /me point in common willi 

a plane is .said to CliC it. 

• # 

7. Existence of Planes Postulate. 'J'lwiwih tlive pouiii not m 
one siraiijht line theie mnts one and only oin jdatw 

For thioie^h two points A, B there imsL^ one and on'f> one sti.ii^ht lino 
AB. ^ [fost. ^‘2. 

'riiroiigh tlio fine AB and the prunt C oiit‘*dc ir, thcic exists ono nnd only 
one plane AB, C. , • [I'ost, !{. 

Lastly, the piano AB, C nm-.t coincide witi tlc’yi.nus B<J, A 'ind CA. B, 
because other w\;() •I wo planes Would haV'^in eoiiiiin.ii thioi' po^.t' not in ono 
atra’i^^ht line, which* "uitracficts Post. 

^ • • 

Notati(Jjn. The ]ilane ihroiigh three jimiils A, E# C not iii one 

straight linn is denoted hy ABC. * • % 

8. Existence of Pihnes Postulate. 'I'hroviih tn-o Irn^s 

a, b meetiny in A there exi.ds one and only one plnia ' 

For in tho stj’ai^dit line b ^herc e^iffl-s some pond X otiu i Ihan A ^Post. I. 
This point is outride a, l-Lc.msi; otherwise, tliiough A, X, there would ho 
two straight line:! a, b, whicn Lontri^Jicis Post. 2. [Post. 2. 
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Tlirniif^rh tlio hmj a riniJ the p<iint X (^uLsido, it tlicrc iw ono and 

only diio plane aX [I’ost. 3. 

'J’liu wliolf of tlio straight lino b jiii’iinp' A, X, two ^)oiiits of the ])lar>o aX 
lios witliin it [l’o>t. (), Cor. 

^'J'hat is, there is one pl.ii)i\ aX, eontamine a, b 

Tlioie is only oth', heeatise if tfiere were two planes containing a, b, then, 
througli the sti.iielil lifie a .iinl the jioiiiuX oiitsnle it, theio wolihl evist two 
jilanoM, which coni i.oliets I’u^l. .‘h [Post 3. 

Notation. 'I’lu; plane roiilaiiiing two stiaiglit linos a, b mooting 
at A IS (lonutod liy ab. 


4, The Relations between a Plane and a Straight Line. 

Def. A straiglil line and a pla;ic arc parallel if they liavc no 
common point. 

Prop. 1 . if a straight liiie a is parallel to any straight line 
b within a plane it is either parallel to /i or contained 
by it. 

For a,'b heing parnllol aro coi'taim'd hy a plain' ab. [DoF, 

The plane ab is cither ilifTeront from the nlaiie or is identical 
with it. 

In the first casc^ the join of the two pianos ab, /i is their common 
line b. [Post. f). 

ore any point common to a (wliicli has in ab) and lios 

inti. 

.But a, b have no jioint iircoinmon, i [Def. 

thoiefore a, (i'ha\e nd poin'l in common, and arc paraDel, [Def. 

Iii'Tnic second case, -a is contained in fj. 

Scholium : '^Vmvorsolv, if a straight Irio a is parallel to a plane 
ft it i. jiarallel to some lino, (hrmrgh each point in ft. 

In tho piano /3 consider :iiiy point X 

ThrnugJi tho straight lino a and tho point X outride it thoro exists n 
•piano aX. . [Post. 3. 

Tho jc’n of tho planes aX, (3. having the comnion point X, is some straight 
lino XY. [Post. f>. 

Since tho straight line a and tho pl.-i ic ft havo no point common (Dof.), 
tho straight hno a and tho .straight lino XY (lying in fi) liavo no point in 
common X, and (being in tho sumo jdauc aX) they are therefore parallel. [Doi. ' 
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Scholium ('0 :* 'Any pi. mo a wliirli lln-ouj^Oi ,i jioinl A 

outside ;i hue b iiiul is to b coni. mis {lie lino tliioiipli A 

jiarallol to b. 

Tor, in llin l.-i'.t .s('V)Iinin, llio j.*iii .if lli.' |.l in.‘s n bA, ii-lif liii.> 

thron-jh A ji.ir.illul to b. ' 

Scholium (/j): Tlironi;!, :my*i'iii)it A oiit-^i.’le a pi. me /j llicn* 
oMsts an unhinitcd iinniliiT (tT .^tni,i,dil lim-s jiii.'ill.-l lo /) 

Fur in lln) jilano p* Llieii; I'viit an uuliiiulcd inniitdi nf nml n.iUv inlor‘.(“. I 
iri^' slr.ui^lit. liuu''. * . I’. ist I 

'J'liroiirh A, a, [loiiit ..lUHtt; o'n'^ nf ^li n-lif (In i. . (,iil 

and only one .sliiu'dit lino pirallol (o .‘adi oiu. of tlicn ' I, ( 'oi. (i) 

Those linos au* all ]).■■. oko ..lli. ruisn (..so intois. . s(i iijrlit 

linos i'^/^ nould ho jiai.illcl l.i iJio sann: '•(■mi''Ih lino i!ii<iii:'li A, wlji.li 
contradicts Tost. 1, [I’o'-I. I.C.ir \\). 

h so lines t.hioiiidi A hom;^ all pai.illol to ’^ti .ii<j;lit linoH ini'jat'’ oillin 
pni.k^ I to ft 01 oont iiiiod in ft ^ | p^ip. 1 

Finally, A is outside /^, an«l tlin. foio lli(_.<t. lines .mm not he oont. mu il in ft , 
they are llicreforo all parallel to ft. j j Di'f 

The po.saiblc relations lad ween a str.ii^dit liiio a and a jilaiie (j 
ni.a^' now be slated : — 

The plane fS may (i) conlajii a, 

' nt a in oiu punit/, 

(ill) he ]iaiallel to a. 

6. The Relations between Two Straight Lines. 

• I 

Def. d Vo straight linos a, b are co plan.ir if some plane a exi.sLs 
whidi contains both a and b. * 

Two straigl^t lines a, b aie skew if thl^v ari^ not co-^planar ; that 
is, rf no plane exi.sls whrt;h contain3*liolli. • * 

• » 

Cor. (i) ^0 Post. .^ 1 . If Jwo*.straii,dit line.s a, b ai^ co-jil.inar, no 
plane can contain a .and cut b iii a point,/? ouKido a. ^ 

For if such n. piano a e-+istcd, thr?>iiKh tho s(i.ii(.'lit lino a .anr] the point C 
outsido it there would exist two pianos a and aC. ulnoli contr.idiots \^M. 5.^ 

Cor. (ii) to Post. 5. If any plane n conlani.s a .‘Jliait^ht lino a and 
cuts another line b in a point C external to a, a, b are ^keu * * 

For if a piano ft existed eontainiiffr a* b, tlicn, tluouMh tho strai(.dil lino a 
an<l the point C outuide it, there would exist two planes a, ft§ whuh con- 
lildicts Post. D il'ust. 5. 
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Cor. (in) to J^ost. 5. If a plane a t-iils .instraigl^t line b in B, all 
straight lines in a, .except those through B, are skew with respect 
to b. ' " 

For if t,h('ro be anjr stniif^ht lino a in a not ttiroupli B and not 

slejw will) respoi t to* b, thoro wnuM oxiat a jilane contiinin}; a, b, and 
lliruii^Ii tho lipo a !iiul illo i>oinf B outsido if there would exist two 

planes a, ab, winch contrailicta Post. 5. / [Post. 6. 

The possible relations between two straight lines ma^ now be 
suninied up as follows : — • 

' ^ ‘ 

Two straight lines are either t 


Intersecting 

i 

Intersecting 

N«'n-intcrsecting 

* Parallel 

Skew 

^ Co-planar 

Skew 


T r 


6, The Relations between Two^ Planes, 

Pef. If two planes have no common ])oiiit they are parallel. 

Piior. 2. Through any,^point A outside a plane .j8 there 
exists at least one p-ane , parallel to f3. * 

InrHihe p'lane f3 tiicrc exist two intersecting straight lines 
XY, XZ, • . [Post. 1. 

« c ^ 

Through the point A, Ofitsi(le''the straight lines XY, XZ, there 
exist straight lines AB, AO respectively 2 )ar 5 llel to XY, XZ. 

■ [Post. 4, Cor. (i). 

#» I 

The (Straight lines AB, AC, pai^ljel respectively to. the straight 
lines XY, XZ within the plane 13, are parallel to P or contained 
by it u <» [Prop. 1 

* Tfiat there is only one is proved os a corollary to Prop. 4. 
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§ 

Riiico tlic poiirt-A AB, \C are not contained in fj, 

and arc tlieivfore parallel to / 3 , • ^ 

Tliroiifrli the strai^dit lim.-^ AB, AC nieetiiif' in A llieie exists a 
plane ABC ; it remflins to l)e ])roved that /j, ACC aie paialld. 

[rosi« 8 . 

• 4 ^ 

Since AB, AC are parrtlle^ tt^^ho [d.-uK' (j, no strai^dit line in 
meets ABorAC. [J>ef. 

Also, every stiaiolit line, in the ])lane ABC nj^eets tine at least of 
the two interseAing Ijmi AF, AC within it [Tost. I, Ccfl-. (ii). 

Therefore the planes /j, ABC have, no straight line in conimon. 
llencathe planes ABC li.i\e no coninioii jioint, for their |oin, if 
they have a common jioint, is a^straight lino. [Post. 6 . 

'tliat is, the planes /j, ABC are i^arallel. ^ 

Cor. (i). If ty^o iniersedimj dinujlft liiu s AB, AC imi ruct, parallel 
to a plana jS, the plane conUnnuuj thent, ABC, t.s' parallel to f'i. 

* Cor. (li). If iy^o intersuiim/ straujht lines AB, AC nre respec- 
tively parallel to tu'o intersectunj straiyht lvv'< XY, YZ,,t/<« plane 
ABC containing ike first pav is parallel to XYZ, that containing the 
second pair, ^ 

the relations betw'ccn tw'o planes may now he summed t^p. 

Two planes may either (i) cut in a straight line, 

(ii) be parallel. ^ 

,7. Three Plfcnes, 

Prop. 3 (!»).• The jpins of tltjee planes a, /?, \ no two of 
which are parallel, are coincident, concurrent, or mtlt'^lly 
parallel |traight lines. ^ ^ 

t (&) If two planes a, /? p^e parallel, and neither is p' ralle] ^ 
to a third plane y, Iheir joins with y are parallel. 

(a) For the three planc% either 

(i) have two points'A, B or more common to all,« 

(ii) have only one point A conimon to all, 
or (iii) have no point coifinfbn to all. 

* £u^. xi. l&i t £uo. xK 10.^ 
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In the first case, tlie stn^i^^lit line AB 'the points A, B 

lying in the three planes a, /J, y is also cuniiiion to all. 

[l\Mt. G, Cor. 

Jn the seeond ca^-e, the joins of the planes a and ft, ft and y, 
yarn! a, \\liic.h all jiave llieVoinnv'ii point A/ are three straight 
lines coneiirreiit in A. , ' [Post. 5. 

Ill the third ease, the join of the planes a, ft, which have a 
common jioint (not being parallel), is a stia'ight line {aft), and 
siinil.f.'ly the joins of ft, y an<l y, a ai(j (fty) and (ya). [Post. 6. 

But (aft) and (/?y)arc m ihe same plane ft, and have no common 
point, because otlierwisi* that ]»oint would be common lo all. three 
planes a, ft, y. They are therefore ^larallel. [Def. 

Sinvlarly (fty) and (ya) are, parallel, and also (ya) and (aft ) ; 
that is, t*ie tlAee joins arc mvt»ially parallel. 

(h) If a, ft are iiarallel, the joins (ay) and (fty) can not meet, for 
if they did these would, be a point common to a, ft, and y, which 
contradicts the hypothesis that ft have no CA)inmoii point. [I)(if. , 

But (ay) and (fty) lying in the Line plane y anU having no 
common jiuint are therefore parallel. ^ ' [Def. 

Piiop. 4. If two planes a, ft are each parallel to a third y, 
then a, ft are also parallel. 

For fsuppo.se that a, ft have soine common point A. r 

In the plane y there cxist<va point Z, , [Post^ 1. 

and in the plJme ft tnerc exists a point Y outside /.he plane a 
and. ti-fc straij^ht line AZ. ' ’ " | Po.st. T. 

Through ther.*^hree points AYZ not in one straight Vue there 
exists I, plane AYZ. o * ^ [Post. 7. 

Since *the two parallel j)l:uie3 a, y have respectively common 
'points A( Z with the ])lanc AYZ, their jopis with it are two parallel 
.straight hues AX, ZW (say). * / [Prop. 3 (6). 

Since the two parallel planes ^5,, y have respectively common 
points Y, Z with the plane AYZ, their joins with it are two parallel 
straight liue^^AY, ZW. [Prop. 3 (6).' 
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• 

The two straight liiu# AX, AY nre (Listiiict, bcc.iiis.' tin* ijoiiit Y 
was dioseii outside the pi. me -^^.iiid is tlieiefone oiilside AX, wliieh 
is oontained in a. 

Theielbrc, Uirouijli tin- point A, out- ide tlif slnii^dil Iiii.‘ ZW, 
tlierc cxi.st two slr.ni»ht lines AY, both jj^rallel lo ZW, ^\llIc■ll 
coiitnulicts Post. 4, Cov. (.). [ P(»sL. 4, (’oi. (^i). 

But tliO only assumption tliat has been niade i.*, tin* initial one 
that a, fi have a roiTmioii point A ; that is now proved iinjio.ssible, 
and a, are therefoie pajviIlA * •[ Def. 

Cor. If a ‘plane, a cuts one, of two paralld planes fj, y, 'it cuts the 
other fjllso, i.e. through any point thcr< Is only one, plane jiaialld to a 
given plane. ^ 

suppose a cuts /?, then if a did not cut y the pl.incs a, fi would bo 
parJtlol to 7, and therefore) pu’.iltel to'Ntnu .uiotlmr, \shieli^ onlr^liftM tlio 
original l)ypothe.'=i.s. • 

• 

The possible relations between three planes in.iy now be sinnincd 
up as follo\\'8 : — , 

4 

. • 


• • 


lilanes • 

Joins 

• 

No two parallel 

Coincideiit, tliree conruiTunt 
or tliriK^ parallel 

1 

• 

Two paralle^ 

% I'wo ]>alulle,l 

, \ 

•• • 

‘ Three mutually parallel 

• • 

^ • None * • 

• 

m 


8. Two Aanes and a Straight Line. 

Prop. 5. .If two planes a,.^are parallel, any straight line 1 • 

which cuts a in some point A cuts fi also. 

9 • 

There exists a point B in the plane B outside the straight* line L 
^ iPobt. L 
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Tlirovi^li tlifi straight liife 1 and the pi^int B outside it there 
exists a plane IB. '* * [Post. 3. 

Since the two plain's a, fi are parallrd, anti th^y have res})ectivcly 
points A, B coinin^n with tin* ])laiie IB, their joins with IB are 
two parallel .^raight, lines A3L, BY /say). [I’rcp. 3 (b). 

The jioint A, lyinj,^ i» tlie ]»lane a 'which has no point common 
with /J, is outside any straight line BY lying in /i. ^ 

f 

Theough the poi'nt A, outside the#, straight line BY, there exists 
in the ])lane IB one and only one straig^at 'line, AX, which does 
not nioet BY. [Post. 4. 

That is, the straight line 1 meets BY, and therefore cuts tlnr-iilane 
/? also. t 

Cof. ,// tip planes a, are pan'llel, a straight line 1 ivJM is 
parallel to or contained hy r.. parallel to or contained by a. 

For if this were not tlio caso Prop. 5 woultl ho contiadictocl. 

Scholium (^0 : If a 6i.raight line 1 is contained hy a, one of two 
intersectfiig planes a, jjj and is* parallel to j3, it is parallel to the * 
join (aft). \ 1 [Defs. 

Scholium (b) ; If a straight line 1 is parallel to each of -two 
intersecting ])laiies a, /i, it is ])arallel to their join (u, fi). 

[Use Sell., p. 100, or Sch. (a), above.] 


9, One Pl^ne and Two Straight Lines, 

PS OP. 6. '*If two ‘atraight lines m are parallel, any plaCne 
tt which cuts 1 in some point A m also, 

/ ' . • • 

Through the parallel straight line/i 1, m there exists a plane Im. 

t [Post. 5, Cor. 

The join of the two planes a, Im having the common point A is 
th'i strMght line AX (say). ' • [Post. 5. 

Through the point A, outside die straight line m, there exists in , 
the plkne In only one straight line 1, which does not meet m. 

[Post. 4. 
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Thai is, AX,' tying in thn plane Im. meets m in Mum- point Y, 
which is a point comiunn to d; and a. * ^ 

a. can not contain m, hc-au-e then through llie straight line m 
and the point A oifl*ide it there woidd he the ^wo plain s Im and ((, 
wliich contradicts. Pobt. 3. 3. 

That is, a cuts m. [Post. fi. 


Cor. • IJ tH'o stnn'qht 1, m ars]Mir<dleI, >i phive n wliuh i.s paiallel 
to or SfoRaim m is also poralld to or continue in. 

For if this wero not tho i#iso Prop. G would he contr.ulictcd. 


• 10. Three Straight Lines. 

Prop. 7. If two straighlf lines L n are each parallel to a 
tMrd, m, they are parallel io each other. 

• 

(i) 1, n can not meet in any iiopit A, for^ if they did, llnoiigh 
the point A, oiihside the .stiaiglit line m, llieic would be 
two straight lines 1, n parallel lo^m, which (untiadicts 
" ^ * [Po«L 4, Cor. (i). 

(ii) 1, n must be proved c(^-planar. 

^Tliere e.xists in n anoint B outside 1, [Post. 1. 

Tlirough the line 1 and the point B outside it theri? e.xists a 
plane IB. [Post. 3. 

Also through the pairs of parallel straight liik-s 1 and m, m and 
n, there cx\^t jilanes Im, mn. • [4)ef. 

The^oins of thesc4lirce planes IB^lni, mn, no two of which are 
parallel, coincident, concurrent, ojpaii%lel. [liop. 3 (a). 

They are not coincident or c^Kurient Wuiiso t^'o joifi'^jj, m, 
are parallel. ^ • • [Hyp. 

That fs, they are all parallel, .ind the join of iS and mn%3 tliere^ 
fore parallel to m. ^ • * [Prop. (>. < 

But through the point B outside the hue m there c-vist^ only'oiv 
straight line parallel to it, viz.^n. [Post. 4^ Cur. (f). 

Which is therefore the join of IB and mn. * • 

That is, 1, n are co-planar,^ailU since they do not meet they arc 
parallel. • * fDef 
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Scholirfja : Tln^o straight lines 1, m, n, guch tint each cu/s the 
other two, aie couc.nrrcnt n/co-|>laiiiir. 

l'’oi if 1, m meet in A, 

p uniat either (i)*j).isa tliroii-^fli A, in wliicli ease the lines are 
eoncurf -iit, t 

or (ii) meet 1, m in^imiriis B, 0. 

In tlie secoml case, throiii^h the two iiitersei’ting straiglit lines 
1, m t^ierc exists a plain* Im. (i [Post. 8. 

And the whole of the str.iiglit line n containing B, C, two points 
of the jilane 1, m is contained in Im. [Post. 6, Cor. 

#*' 

That is, 1, m, n are co-planar. ^ 

The reasoning may clearly he extended to rover the case of f^y 
nninbth' »,f atr<vght lines such tjiat eai'li cuts all the others. 


§15. Propositions to replace Prop. 12, p. 26. 

♦ Prop. 12 (n). Througli any gf^en point A there eidsts 
one and only one straight line normal to a given plane a. 

(Jase (i) AVhoii A lies outside the plane a. 

In the pl.iiie a there exists a straight line 1 outside A. 

' ^ [Post. 1, p. 167. 

I 

Through the /straight line ,1 and the point A outside ij; there 
exists a plane lA. ^ [Post. 3, p. 168. 

Thropgh A»’n the plane lA tha e exists a straight line AB meet.- 
ing I’at^riglit angles in*some jxiint B-^ [Euc. i. 12. 

‘ ' *■ *5 

Through B in fl.e plane a there exists a ^.,raight line BOnieeting 
1 at light angles in B. , [Euc. i. 11. 

Through the straight lines AB, BO meeting at B, there exists one 
a'.id only one plane ABO. .. [Post. 8, p. 159. 

Throu^i A in the plane ABO there exists a straight line AP, 
meeting BO at right angles in sormj, point P. [Euc. i. 12. 

* EucJJxi. 11, 12, 13, which cover part of tho ground only. 
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t 

(It is iiow^rcfiiiircd j.rov. Dial AP ii..niial h» |.l m.' ,r, 
and tills IS the saiiu* tliiii^r a^^inoviiiollli.it it is pri juMidi. iilar id 
two inlcrsL'cting sli, light liin- a. Ii a- 1 and St/.) 


'rin* line 1 iKM'ii^fidiciilar to tin* t\\() inlrr^** t ni" .stiaii^lil Imu-j 
BA, BC in iioi-ni.il- to plane ABO^iontaining tliein , • 

. M,|.. :;i. 

1 ia therefore jieqiendknlar to all sliaiglit lines in the plane 
ABC, and in it.irtitular to AP, [Uef p. i. 

and AP, BO are jieri^en^iculllr by liyjiotheMs. * 


Therefore AP being ju ipeiidn nlar to the two intei a cting 
HtraijJ^t lines 1, BC is normal to the jil.iiie a | I’l. p. | p. op 

• 

^0 other straight line through A, AQ, is noini.il to a, bn a’i*e if 
it were, throngli A there wftiild ‘he two stiaight |jne^ AP , AQ 
both perpcnclRular to the 'traight line PQ (1\ mg m Ih * ])lane a,), 

• I Del. Post (I, (?,a. 

and therefore a triangle APQ with two angles light angles, whnh 
contradicts tliiie. 1. :{:i. 


Ciise (ii) iri*whi(h ii^ies within a. 

There exists a plane interseeting a m s(»rne slraiglit, line XY. 

[PO'Is. 1, a, p. 1,^)7. 

• 

Thio^igh ^ there exists in the ])l«ne a a '^traiglit line. AE nieetJng 
XY at right angles in some point P • i. II or 12. 

(It make.^ np dilTcreiice to the pio#f whVher P coincides with 
A or not.) 

Throiieli P there exi‘«l^ iiftlic pl.ipe ft a straigliLline PQ jierpen- 
dicular to XY. “ [Ki%. i. 11., 

Through AB, PQ flieeting at P there exi'^ts a^ilane ABQ. • 

^ [IVl % p. l.W 

• • • 
Through’ A there exists irt the i>lane ABQ a straight «line J\.Z* 
perpendicular to AB. [Euc. i. 11. 

• (It is now required to prove that AZ is normal to 
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XY being, by liypotlicaifl, perpendicular tlic'hitersccting lines 
AB, PQ ia iiornial tp the plAiie ABQ containing them. 

[Prop. 11, p. 24. 

ia tljerefore perpendicular to the atraigb't line AZ contained 
in the plane ABQ. , '\i t [blL-f. 3, p. 24. 

AZ is also peipendicular to AST * [blyp. 

Therefore, AZ being pcu’pcndicular to intersecting lines XY, AB 
ia iior^nal to the plane a wliicli contaif.s them. [^^rop. 11, p. 24. 

No other straight line through A, AW, is noirnal to a, because in 
that Cfise there would exist containing tlie two straight linos AZ, 
AW a plane AZW. [Post. 8, 159. 

» 

This plane having the point A in common with a would cut hi 
some Unj.ightJinc AT, ^ ' ' [Post. 5, p. 4. 

and since AT lies in a, the straight lines AZ, AW, both normal to 
a, would be perpendicular to AT. [Def. 3, p. 24. 

That is^ througli a ]>oint in a, straight line AT there would be 
two straight lines perpendicular to it^ lying in the same jilaue with 
it, which contradicts the Euclidean a^ioin^hat all right angles are 
equal. 

The assumption tliat there exists a second normal through A 
being disproved, it follows that through A there exists one and 
only one normal t.i a, viz. AZ. 

# 

Prop. 12 (6). ^ Througli ayy given point A ther^ exists 9 ne 
and only one plane i^rmal to a given straight line 1. 

If A, lies eutside 1, there exiats through <A a straight line AX 
parallel , [Post. 4, Cor. (i) p. 158. 

If Abies witW.». 1, we may refet to 1 itetlf as the line AX, 

There exist through AX and two points i?, Q outside it two 
.pla'nes AXP, AXQ.’ [Posts. 1, 3, p. 157. 

. Throiigh A there exist in the plapes AXP, AXQ respectively 
straight Tines AY, AZ perpendicular to AX. [Euc. i. 11. 

Through the straight lines AY.'AZ there exists a plane AYZ. 

® [Post. 8, p. 1691 
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The line 1, which eiiHier coinciflc.s with AX or i.s ]);nMiiei to it, is 
perpendicular to AY, AZ in tether casl, * [i)cfs. 1, 2, p. 24. 

and therefore is noriiial to ilie ])lane AYZ, which oniitains Itoth. 

[Ihop. 11, p. 24. 

Through A no other plane 1^^0011 can e\isl normal to 1, because 
if there were sucli a })Iaifc it would contain two intei'-ccting 
straight* lines AL,^AM, [To^. 1, p. ir>7. 

to which 1 would be j)erj>ciK%cular. * [Def. p. 24. 

AX, being jiarallel to 1 or coinciding with it, must aho be per- 
pendj^ular to these liin's ; [Defs. 1, 2, p. 24. 

and therefore would be noiAial to the plane ALM containing 
tlvgni ; ^ ^ I Ih’op. 1 1^ p. 24. 

through the straiglit line AX and the point L tliore would cNist a 
plane AXL ; * [Post. 3, p. 158. 

which, having the jioint A in coinrnon wilh the ])lane AYZ, would 
meet it in a straight line AT ; f [Pos^. 5, p. 158. 

and finally, ^irougli ^ there would exist in the plane AXL two 
sttaight lines AL, AT both perpendicular to AX, [Ih h 3, p. 24. 

which contradicts the Euclidian axiom that all right angles are 
equal. ^ 

Thakis, Uirough any point Adhere is one and only one i^ane 
AXY pornial to the straight line 1. \ 


Proposition 16, p. 34, is of no^reat^mportancl^, and maxwell hfr 
omitted when time ^ lacking ' 



REFERENCES TO THEOREMS. IN 
PLANE GEQ.METRY 

FjUc. i. 4.— Two triangles are congruent if two sides and ^he in- 
eluded angle of the one are congruent, respectively, with two sides 
and the included angle of the other.* 

ff 

Ku^. i* 5,— In an isosceles tyi'angle* the angles opposite the con- 
gruent sides are congruent , 

Euc. i. 6.— If two angles of a triangle are congruent, the sides 
opposite the equal angles are congruent. ' 

Euc, i. 8.— Two triangles are congr*,pnt if the three rides of the 
one are congruent, respectively, to the three^idcs of the other, , 

Euc. i! 11.— To draw a straight line at right angles to a given 
straight line from a given point in the same. 

Euc. i. 12. — To* draw a straight line perpendicular to a given 
straight line of unlimited lenj^h from a given point wfchoui it. 

Euc. i. 16.— An extep<*jr aijgle of a triangle is greater than either 
of the two opposite interior angle% 

-I •■ * * >' * 

' Euc. i;^18.— If two sides of a triaitgle are unequal, the angles 
opposite are und^ ial, and the ‘gre«ater ang9e is opposite th^ greater 
^side. 

c Euc. i.09.— If 1^0 angles of a triangle are unequal, the sides 
opposite are unequal, and the greater side ia> opposite the greater 
anglo. ** 

Euc. i. 20.— Two sides of a triangle 'are together greater than the 
third. 


ITS 



REFERENCES TO THEO^IEMS IN 'PLANE GEOMETRY, l7.i 

Euc. i. 26.— If two sides of a triangle arc congruent, rcfjjectively, 
with two sides of another, hut .the third side of the first triangle h 
greater than the third side of the secoinl, Ihen the angle opposite 
the third side of tli%*first triangle Is greater thiyi the angle opposite 
the third side of tlie second. 

Euc. i. 2(1. — Two triangles, 
includcc^side of the one are congruent, respectively, with two angles 
and the included si^e of the other. 

Euc. i. 29. — If twA pHrall^ lines are cut by a transversal, the 
e.xterior angle is equal to either the interior or opposite angles. 

32..«-The auiii of the three angles of a triangle is two 
right angles. • 

Sue. i. 33.>— If two sides of A quadrilateral are equij) and 4 )^^allel, 
then the other two sides are equal and parallel, and the tigure is 
a parallelogram. 

%Euc. i. 34.— The opposite sides ^ a paraWclogram are congruent. 

Euc. vi. 2^— If a line is ^awn through two sides of^a triangle 

parallel to th^ third it divides these sides proportionately. 

« 

Euc. vi. 3.— The bisector of an angle of a triangle diwdes the 
opposite side into segments which are proportional to the adjacent 
sides. 

Euemm. 4j*— Two mutually equidh^lar triangles are similar. • 


•y • 

a»L*TOngi*uent if two angles and the 
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{The numbers rcfc\ to jh ges> 


AnoTjF! betwnrn lino an<l piano, 
def., M 

botween skew lines, def., 24 
dihedral, def., 32 
of Une, d^if., 150 
on a .sphere, def., 80 ' 

solid, def., 45 . 

trihedral, def., 45 
Antipodal point, def., 86 , 
Archimedes, 100, 145 j 

Area of circle, 112 

of curved surfaces, defs., 122, 
140, 144 
of cj^lindcr, 123 
of ortho}?orial projection, 111 
of parallelogram, 111 
of plane flgur^, def.. Ill 
of prism, 121 

*■ of regular pyramid or frastuyi^ 
139 / / 

of right circular core or frus- 
tum, 14C ' *' 

.Qfcimhif figures, 114 * 

of »-/^erc, 147 

of spherical cap, 147 ^ 

. of f-pherical nA e, 150 
of spherical triangle, 152? 

, of spherical zoa^ l^o 
•4‘ -Anioras-^’ of equarareas, 112 
Axis 0 ^ symmetry, def., 39 

Centre of inversion, def., 84 
of perspective, def., 14 
of Aymny'try, def., 39 


Centroid of plane figure, def,, 125 
of tetrahedron, der., 5ij 
‘ of triangle, dof., 65 
Chaslcs, 38 

Cl.-cumfcrence of circle, 108 ' 
Oircum^scribed parallelepiped, 66, 

polyhedron, def., 147 
Cone, def., 126 

right circular, def., 78 ' 

Conpuence of solid angles, 47, 94 
‘‘•^of spherical triafigles, 94 
Congruef^f, def., 22*' 

Coni(5al surface, dof., 126 ' 

Conjugate polyhedra, def., 74 
Conveise, 3, 4 
Convex polyhedron, dof., 60 
solid angle, def., 46 
Cylinder, def., 122 » 

right (jircular, def., 7^ 

Desarqurs, 16, 18 , 1 
Direction, 'same, def., 24 (note), 23 
Dodecahedron, regular, 65, 74 

EQUAL,*‘'def., 23 
E/iclid, Elements of— 

Book xi.,‘6, 24,27, 12, 23, 26, 11, 
8, 33, 46, 69, 100 
, Book x4, 112, 127, 148. 

Book xiii., 60, 66 
treatment of area, 112 
* treatment of congruence, 23 
Eudoxus, 2 
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EukM*38 

Euler’s theorem, ?0-73 • 

Face angle, def., 45 
Frustum of cone, 

of j)yramid, dcf., 132 
of ^sphere, dof., 149 

• 

Gauche qnadiilateral, def., 57 
Gcnerato* of cone, def., 78 
of cylinder, def.,*78, 122 
Great ciiclc, dcf., 85 

lIlLliERT, 4 
IlypbijjiJj^s, 116 

Tc VIIEDIION, regular, 03, 71 
Intwity, points anfl lines aG 1-S 
Inscribed prism, d( f , 122 * 

pyramid, def., 137 
tetrahedron, 66, 57 
Inverse, del'., 84 
• 

Join of two planc.'i, dcf., 5 

• 

TiATEliAli area»of cyhiifl^ 123 
• of prism, 121 
Legendre, 47 

Length of curve, def., 107, 108 
Lcxell, 104, 156 
Limits, 107-114 
Lune, 4^., 9^ 150 

Media/ of tclrahedroS, dcf., 55 
Menelaus, 1^, J02 
Meridian section^ def., f 7 
Method of exhaustion, 2, 3 
Mid-section, def., 139 • 

Models, cffnstruction of, if, 61-65 

Normal to plane, dc#, 24 
to surface, dcf., 80 ; 100 
Notation, 8 

Oblique line to plane, del’., 2^ 
prism, def., 121 
Octahedron, regular, 62, 74 


TT. del’., 109 
Parallel line.s, def , 7 

^anc at) 4 l line, dcf., 6 
planes^ def., 5 

.Parallelepiped, dof., 51 ; 57 
■’eQ)ondicuI.if planes, def., .32 
line.s, dfef. , 24 

;r.spectivc,*lef., 14; 16, 17, 19 
ictnre plane, def., 16 
Pol.ir, def. , 88 

triangle, def., 92 
Pole, dcf., 88* 

of spherical (‘np, def., 1^7 
Positive direction, ilcf. , 90 
I’osI ul:ite.«, def,, 2 

of cnived lengths, 107 
of equal areas, 1 12 
of inea.sured areas, 110 
of measured volumes, 1^3 
,(<f .spherical ar#a am^olume, 
147 


of .siqiei position, 22 
of (he jil.ine, 4 
of tl!e sphere, 88 
of the straight liriQf 4 
Prism, def,, 50 

truncated, def., 135 
Prisinatoid, del’., 134 
Projection by paiallel linof,def., 17 
conical, def., 15 
orthogonal, di f., 27 
steroogiaplftc, del'., 84 


DU ANT, def., ^7 

RE%uCTi^ad ahsufdiun, 2, 3 
ftUellex solid angle, 45 
Regular polyhedron, dfl|^0** 
pyramid, def., 137 ; I%-14C 
^ , • solid anglo^ef., 59 ^ 
•olids, 6(F6G, 73, 74 
Right cii(|plar cone, def., 7 
cylinde^^if., 78 
Right prism, def., 121 
section, defs., 77, 121 


Scholium, def., 4 
Sector, spherical, def., 14& 
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Segment/ phorioal, def., 149 
Sides of solid anj/le, def., 45 
Similar figures, def., C14 
Simply connected suri'aces, def., 
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Simpson's rale, 134, ex., 155 ^ 
Skew, quadrilateral, d 3f., 57 
straight lines, def., 7 
Slant height, def., 13H 
Small circle, def., 85 
Solid angle, def., 45 
r^'Tular, def., .59 
symnietrio, di'f., 47 
Sphere, def., 78 

tangent plane, 80 
Spherical cap, def., 1^7 
excess, def., 151 
friisium, def., 149 
s<oior, def., 148 
segment, acf., 149 
triangle, def., 87, 161 
zone, deC., 144 
Stercographic iirojectio.n, 

84 

SupplemcT\:al triangle, def., 97 
Surface of revolution, def., 77 
intersection of, 77 
tangent plane to, 100 
Symmetric solid angles, def., 
splicrical triangles, def., 94 
Symnu tty with re^speot to — 
axis, def., 39 
centre, def., 39 
plane, def., 3? 
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Tangent line, def.; 80 
plane, def., 80 
to sphere, 80 

to surface of revolution, 100 
T etrahedro? „ dof . , 5 1 
its properties, 54-57 
opposite edges of, def., 54 
rt'gular, 61, 74 
Trace of plane, def., 5 
of line, d eh, 6 
Translation, 'pure, def., .38 
ly ledral angle, def., 45 
TrunoaVed pi ism, del., 1.35 


'V’ANiSHiNr: line, def., 16 
point, dof. , Hi ., ^ 

Voiuine, def., iH 

postulates of, 113, 147 
Volume of cone, 128 ' 

of cylinder, 123, 124 
of frustum of cDiie, 132-134 
of fiiKsturn of pyramid, 132- 
134 

of prism, 12.3, 124 
of prism a to id, 135 
'••of pyiamid, 28 »• 
of 148 • 

of spherical frustum, ox., i56 
of s})luMical sector, 148 
of spherical segment, 149 
of truncated prism, 136, ex., 
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